Ultraproducts in Analysis

C. Ward Henson and José Iovino

Department of Mathematics University of Illinois Urbana, Illinois 61801 USA

       henson@math.uiuc.edu
http://www.math.uiuc.edu/∼henson/

Department of Mathematics University of Texas at San Antonio San Antonio, Texas 78249 USA

       iovino@math.utsa.edu
http://www.math.utsa.edu/∼iovino/

1 Introduction

The ideas and methods of model theory are being applied today in nearly all parts of mathematics. Here we concentrate on a framework for applications in functional analysis. Model theory has already provided several tools for the research analyst, of which the most important are: (a) the Banach space ultraproduct and nonstandard hull constructions in functional analysis; (b) spaces of (model-theoretic) types as used in the geometry of Banach spaces; and (c) Loeb measure spaces in stochastic analysis and its applications. In this paper we explain a systematic model theoretic framework within which these tools (especially (a) and (b)) are naturally situated. Our main intended audience consists of analysts who are familiar with the ultraproduct construction, and this perspective has strongly influenced our presentation of the material. We expect that many model theorists will also find something of interest in this subject. In particular, we indicate the initial steps of a program for introducing the key ideas and methods of model theory into functional analysis in a systematic and comprehensive way.

Applications of model theory in functional analysis have been pursued since the mid 1960s, beginning with the introduction of Banach space ultraproducts by Bretagnolle, Dacunha-Castelle, and Krivine [BDCK66] [Kri67] [DCK72] and nonstandard hulls by Luxemburg [Lux69b]. These two constructions were first used at about the same time and they are essentially the same; however, these initial steps led to largely independent lines of research that have still not been fully integrated.

In nonstandard analysis, two important publications in the late 1960s were Abraham Robinson’s book [Rob66] and the conference proceedings [Lux69a]. These books showed a wide range of areas within analysis in

Acknowledgment. Research for and preparation of this paper were partially supported by NSF Grants DMS 96-26628 and DMS 99-70009.

which one could expect fruitful applications of model theory, and they are still of value.

Robinson’s initial goal was to provide a rigorous foundation for using infinitesimals in analysis. Banach space ultraproducts were introduced to investigate L_p(μ)-spaces and related spaces. These methods have evolved considerably and they are now being used across the entire spectrum of mathematical analysis.

An up to date presentation of many applications to which Robinson’s ideas have led, many of which are in functional analysis, can be found in [ACH97]. That book is intended to be accessible to all mathematicians, and includes introductory material on nonstandard analysis. Surveys of how ultraproducts and nonstandard analysis have been applied in functional analysis include [Hei80], [Sim82], and [HM83b].

There is a definite thought process that leads from (Banach space) ultraproducts to the model theory that is presented here, as we now indicate. Noting that ultraproducts are widely and effectively used in functional analysis, it becomes natural to analyze, as precisely as possible, what a normed space structure has in common with its ultrapowers. This problem can be formulated in an abstract way as is done in the next paragraphs. (For convenience we use some of the terminology that is introduced later in the paper.)

Given two normed space structures M and N with the same signature, let us consider them to be ultrapower equivalent if there exist ultrafilters D and E for which the ultrapowers (M)_D and (N)_E are isomorphic. (Since norms are included as distinguished functions in the structures we consider, every isomorphism of normed space structures is necessarily isometric.) It is easy to see that M is ultrapower equivalent to any of its ultrapowers.

It is clear that the relation of ultrapower equivalence is reflexive and symmetric; eventually we prove that it is transitive, but this is far from clear at the beginning. Therefore we introduce the transitive closure: define M ∼ N to mean that there is a finite sequence of normed space structures M_1, . . . , M_n such that M_1 = M, M_n = N, and for each k = 1, . . . , n−1 we have that M_k and M_{k+1} are ultrapower equivalent. In other words, ∼ is the coarsest equivalence relation on normed space structures under which (a) M ∼ (M)_D for every structure M and every ultrafilter D, and (b) M ∼ N whenever M and N are isomorphic.

Understanding what it is that normed space structures have in common with their ultrapowers is the same as understanding the equivalence relation ∼. Our analysis shows that ∼ is identical to a relation of elementary equivalence with respect to a certain logic for normed space structures. The formal sentences of this logic are the positive bounded sentences of a certain first order language. Elementary equivalence is taken with respect to a semantics of approximate satisfaction. (All of this is explained in Chapter 5.) Given two normed space structures M and N with the same signature, we write M ≡_A N if, for every positive bounded sentence σ in their common signature, σ is approximately satisfied in M if and only if σ is approximately satisfied in N. When this condition holds we say that M and N are approximately elementarily equivalent.

Our solution to the problem of understanding the equivalence relation ∼ is to show that it is identical to ≡_A. Indeed, it turns out that these relations are the same as the relation of ultrapower equivalence itself. The easy direction is Corollary 9.4: if M and N have isomorphic ultrapowers, then M ≡_A N. The converse, which has a difficult proof using combinatorial ideas going back to a related argument of Shelah [She71], is Theorem 10.7.

The model theory for normed space structures that is described here has turned out to have many unexpected features and to be a close analogue of ordinary first order model theory. A large part of the basic aspects of this theory is outlined here. This model theory has been developed since the mid 1970s (see especially [Hen75] and [Hen76]) and has been used from time to time in applications of nonstandard analysis (especially of the nonstandard hull construction) in functional analysis. By now it has shown itself to be the “correct” analogue of first order logic for the normed structures that arise in functional analysis. (In addition to the results presented here, see the Lindström-type maximality theorem for this logic proved by the second author [Iov01].)

Perhaps the most novel aspect of this theory is the relation |=_A of approximate satisfaction. (See Definition 5.9.) It is natural to ask how necessary or intrinsic to this setting the relation |=_A may be. One indication that |=_A is an essential ingredient of any model theory that is adequate for handling ultrapowers of normed space structures is given by Proposition 9.26. Suppose M is a normed space structure, σ is a positive bounded sentence in the signature of M, and D is any countably incomplete ultrafilter. Then σ is approximately satisfied in M if and only if σ is satisfied (in the usual semantics of ordinary model theory) in the ultrapower (M)_D. (Corollary 9.3 shows that this is also equivalent to the statement that σ is approximately satisfied in (M)_D.) Note that this yields an alternative “soft” way to define approximate satisfaction for positive bounded sentences, in which approximations do not appear at all. The same equivalences are true for positive bounded formulas applied to elements of M.

In order to cover as many aspects of this model theory as possible in a limited space, we have omitted many proofs. Usually the proofs being left out are reasonably routine, at least for mathematicians who have had some exposure to the basic parts of formal logic (first order logic). Often these proofs have already appeared somewhere in the literature, if usually in a somewhat more restricted framework than the one found here, and we give pointers to that literature.

We conclude this introduction with a summary of each chapter.

2. Normed Space Structures The general class of structures to which our model theory applies is introduced. These are many-sorted structures, in which each sort is a normed space. The rest of the structure consists of a family of functions between various sorts; these functions must be uniformly continuous on each bounded subset of their domains. Most of the standard normed structures of functional analysis are of this type, including normed spaces, normed vector lattices, normed algebras, and the like.

3. Signatures In order to treat normed space structures in a general setting, it is convenient to introduce signatures for them; these provide a basis for indexing the sorts and functions that make up each structure. These are also helpful in giving exact definitions of such concepts as embedding and isomorphism for normed space structures.

4. Ultrapowers of Normed Space Structures The Banach space ultrapower construction is well known and widely used for normed spaces, and it extends in a completely natural way to the normed space structures that are considered here. Indeed, the requirement that all functions in a normed space structure are uniformly continuous (and hence bounded) on bounded sets is exactly what is needed to permit the ultrapower construction to be applied to such a structure.

5. Positive Bounded Formulas Here we introduce the formal language of positive bounded formulas in the signature of a given normed space structure, as well as the semantics of approximate satisfaction. These are the fundamental concepts on which the rest of our model theory is built.

A key aspect of approximate satisfaction is its well-behaved topological nature. This is illustrated by the Perturbation Lemma (Proposition 5.15) which expresses a sense in which satisfaction of positive bounded formulas is itself uniformly continuous on bounded sets. There are many important consequences of this, including the fact that the completion of any normed space structure is an approximate elementary extension of it.

6. Basic Model Theory I The key model theoretic concepts of approximate elementary equivalence and approximate elementary extension are defined and their most basic properties are proved.

7. Quantifier-Free Formulas The expressive power of quantifier-free positive bounded formulas in the pure language of normed spaces (with no additional structure) is explored.

8. Ultraproducts of Normed Space Structures The ultraproduct of a family of normed space structures (M_ξ | ξ ∈ Λ) with respect to any ultrafilter D on Λ is defined. Note that this cannot be defined in complete generality; even in the simple case where each M_ξ consists of a normed space X (not depending on the index ξ) together with a distinguished element x_ξ of X, the ultraproduct can be naturally defined for every D if and only if there is a real number r such that the bound ‖x_ξ‖ ≤ r holds for all ξ ∈ Λ. Similar considerations apply to boundedness and uniform continuity of the distinguished functions in the structures M_ξ. We define what it means for a family (M_ξ | ξ ∈ Λ) to be uniform and note that this is precisely what is needed to be able to define the ultraproduct of the family. The most basic classes of normed space structures have the property that they are uniform, in the sense that any family taken from the class is uniform. This is true of normed spaces, normed lattices, and normed algebras, as is familiar. For expansions of such structures the requirement of uniformity is generally natural and easy to verify.

9. Basic Model Theory II The fundamental theorem of ultraproducts is proved for the ultraproduct construction and the model theory that are being considered here. This is the analogue of the well known Theorem of Łoś from ordinary model theory. In this context it says the following: suppose (M_ξ | ξ ∈ Λ) is a uniform family of normed space structures of the same signature, and let N be the Banach space ultraproduct of this family with respect to an ultrafilter D on Λ. Let σ be any positive bounded sentence in this signature. Then σ is approximately satisfied by N if and only if for each approximation σ^′ of σ, the set {ξ ∈ Λ | σ^′ is satisfied by M_ξ} is an element of the ultrafilter D. The same equivalences are true for positive bounded formulas applied to elements of N.

An immediate consequence of this theorem about ultraproducts is the Compactness Theorem for the model theory presented in this paper. Löwenheim-Skolem theorems and saturated structures are also considered in this chapter.

10. Isomorphic Ultrapowers This chapter treats the analogue for this model theory of the Keisler- Shelah Theorem [Kei61] [She71] on isomorphism of ultrapowers and ultraproducts. Among other things, this yields the existence of ultrapowers of normed space structures that are κ-saturated, for any cardinal number κ.

11. Alternative Formulations of the Theory The isomorphism results in the previous chapter are used to show that the expressive power of this model theory is not affected by various natural changes in how the sort of the real numbers is handled or in how the syntax of positive bounded formulas is defined.

12. Homogeneous Structures The existence of ultrapowers that are κ-saturated and strongly κhomogeneous is proved, using the theorems about isomorphic ultraproducts from an earlier chapter. This provides a family of richly endowed approximate elementary extensions of a given normed space structure, and these structures play an important role in applications of model theory.

13. More Model Theory Let D be a uniform class of structures with a common signature, and consider the class C of structures for that signature that can be embedded in some ultraproduct of members of D. It is shown that C consists of precisely the normed space structures for that signature that satisfy a certain set of positive bounded sentences in which only universal quantifiers appear.

A model theoretic characterization of axiomatizability for classes of normed space structures with a common signature is also discussed here. Let D be a uniform class of structures with a common signature, and suppose that D is closed under isomorphisms and ultraproducts. Let C be contained in D. We show that C is axiomatizable within D by positive bounded sentences if and only if C is closed under isomorphisms and ultraproducts and D \ C is closed under ultrapowers (i.e. C is closed under “ultraroots” within D).

This chapter also introduces a natural concept of quantifier elimination for normed space structures, and gives a model theoretic criterion for it. This concept often provides an effective basis for understanding what is definable by positive bounded formulas in a given structure or class of structures.

A more general result concerning the approximation of arbitrary positive bounded formulas by simpler formulas is also given here.

For many classes of structures from functional analysis, the structure of ultraproducts has been extensively investigated. When this work is combined with the results presented in this chapter, it is often possible to prove axiomatizability and even sometimes to prove quantifier elimination for interesting classes of such structures. In several cases this perspective raises interesting new questions about classes of normed space structures that have been previously studied; especially, it emphasizes the importance of understanding whether these classes are closed under “ultraroots” and whether they satisfy the mapping extension criterion for quantifier elimination.

14. Types Spaces of types are a characteristic feature of modern applications of model theory in all areas of mathematics. Quantifier-free types have been used significantly in the geometry of Banach spaces, especially in connection with the class of stable spaces introduced (with direct motivation from work in model theory) by Krivine and Maurey [KM81]. Some fundamental aspects of this topic are developed in this chapter.

2 Normed Space Structures

2.1 Definition. A normed space structure M consists of the following items:

(i) A family (M^{(s)} | s ∈ S) of normed spaces. (ii) A collection of functions of the form

F : M^{(s1)} × · · · × M^{(sm)} → M^{(s0)},

each of which is uniformly continuous (and hence bounded) on every bounded subset of its domain.

The normed spaces M^{(s)} are called the sorts of M, and we say that M is based on (M^{(s)} | s ∈ S). If every sort of M is a Banach space (i.e., is complete in its norm), we say that M is a Banach space structure.

Some of the functions of M may have arity 0; they correspond to distinguished elements of the sorts of M. These elements are called the constants of M. The other functions may be referred to as the operations of M.

We require that every normed space structure include a special sort and certain special functions; we will refer to these functions as the required operations of the structure. Namely, if M is a normed space structure based on (M^{(s)} | s ∈ S), then:

· The field R must occur as a sort of M; i.e., the sort index set S contains a distinguished element s = s_R for which M^{(s)} is R .

· For every s ∈ S, the vector space operations and the norm of M^{(s)} must occur as functions of M, and the additive identity 0_M (s) of M^{(s)} must occur as a constant of M. (By vector space operations we mean + and − as binary functions from M^{(s)} × M^{(s)} into M^{(s)} as well as scalar multiplication as a binary function from R × M^{(s)} into M^{(s)}.)

Normed Space Structures 11

· The distinguished operations on R = M^{(sR )} consist of the usual field operations +, −, and ×, as well as the absolute value function (which is the norm on this sort). In addition to the additive identity 0 we require that each rational number be a distinguished constant in this sort.

If M is based on (M^{(s)} | s ∈ S) and (F_i | i ∈ I) is a list of the functions of M, we may write M = (M^{(s)}, F_i | s ∈ S, i ∈ I). The special sort R as well as the functions and constants which are required to be present in every normed space structure (see above) need not be listed explicitly in the preceding notation.

If M is based on (M^{(s)} | s ∈ S) and a ∈ M^{(s)} for some s ∈ S, we refer to a as an element of M. Note that we make no assumptions about how the sorts of M are related to each other as sets. In particular a ∈ M^{(s)} may be true for several different values of s. This means that when dealing with an element a of a normed space structure M, it is necessary to specify the sort of which a is taken to be an element.

2.2 Examples. We give a number of examples of normed space structures to indicate the wide range of possibilities.

(i) Normed spaces X over R : the sorts are X and R , and the functions are the vector space operations, the additive identity 0_X and the norm of X, as well as the field operations, the additive identity 0 and the absolute value function on R .

(ii) Normed spaces X over C : these can be regarded as normed space structures in several ways. For example we may add C as a sort together with its field structure and absolute value, and the scalar multiplication operation as a map from C × X into X, as well as the inclusion map from R into C . Alternatively, we may simply include a unary function from X into itself, corresponding to scalar multiplication by √ −1, in addition to the usual operations that come from regarding X as a normed space over R .

(iii) Normed vector lattices (X, ∨, ∧): this is the result of expanding the normed space structure corresponding to X (see above) by adding the lattice operations ∨ and ∧ on X and the functions max and min on R . (iv) Normed algebras: multiplication is included as an operation; if the algebra has a multiplicative identity, it may be included as a constant.

(v) C^∗-algebras: multiplication and the^∗-map are included as operations. (vi) Hilbert spaces with inner product, in which the pairing is included as a function.

(vii) Dual pairs (X, X^′), where X is a Banach space, X^′ is the dual of X, and the pairing between X and X^′ is included as a function.

(viii) Triples (X, X^′, X^{′′}), where X^′ and X^{′′} are the dual and the double dual of X and the pairing between X and X^′, the pairing between X^′ and X^{′′}, and the embedding X → X^{′′} are included as functions.

(ix) Operator spaces, which include for each n ≥ 1 a real-valued function of n^2 arguments mapping each n × n matrix (a_{ij} ) of elements of the underlying Banach space to its operator norm.

(x) If M is a normed space structure and a is an element of M, then the expansion (M, a) is a normed space structure, in which a is a constant.

(xi) If M is a normed space structure, and T is a bounded linear operator between sorts of M, then the expansion (M, T ) is a normed space structure, in which T is a distinguished function.

(xii) If M is a normed space structure, M^{(s)} is a sort of M, and A is a given subset of M^{(s)}, then M can be expanded by adding the real-valued function x → dist(x, A), where x ranges over M^{(s)} and dist denotes the distance function with respect to the norm on M^{(s)}. The same can be done with subsets of finite cartesian products of sorts.

3 Signatures

In order to treat normed space structures M in general, it is convenient to introduce formally a way of indexing the sorts and functions of M; this is the signature of M.

3.1 Definition. Let M be a normed space structure based on (M^{(s)} | s ∈ S). A signature L for M consists of the following items:

· A sort index set S.

· An element s_R ∈ S such that M^{(sR )} = R . · For each designated function

F : M^{(s1)} × · · · × M^{(sm)} → M^{(s0)}

of M, a triple of the form ( f, (s_1, . . . , s_m), s_0 ) , where f is a syntactic symbol called a function symbol for F . In this case, we write F = f^M and call F the interpretation of f in M. We call s_1 × · · · × s_m the domain of f and s_0 the range of f, and express this by writing (purely formally)

f : s_1 × · · · × s_m → s_0.

The number m is called the arity of f. If m = 0, we call f a constant symbol and write f : s_0. In this case f^M is an element of M^{(s0)}.

Each of the required functions of a normed space structure has a specific designated function symbol, and these are taken to be the same for each signature. For example, the additive identity of a sort M^{(s)} is associated to a constant symbol designated 0 : s, the vector addition and subtraction on this sort correspond to function symbols whose associated triples are (+, (s, s), s) and (−, (s, s), s), and so forth.

We express the fact that L is a signature for M by saying that M is an L-structure.

3.2 Definition. If L, L^′ are signatures, we write L ⊆ L^′ if the following two conditions hold:

· The sort index set of L is a subset of the sort index set of L^′. · Every triple of the form ( f, (s_1, . . . , s_m), s_0 ) which is in L is also in L^′.

In this case we say L^′ is an extension of L and that L is a subsignature of L^′.

Informally, L ⊆ L^′ means that every sort and function symbol of L is also in L^′, and that they are used in precisely the same way in L^′ as they are in L.

If L, L^′ are signatures and L ⊆ L^′, we call L^′ an extension by constants of L if L and L^′ have the same sort index set and if every function symbol of L^′ that is not in L is a constant symbol. In this situation we write L^′ = L(C) where C is the set of constant symbols that have been added to L to get L^′.

3.3 Definition. If L is a signature, the cardinality of L is the cardinal number card(L) defined to be equal to

card(S) + card({ f | f a function symbol of L }) + ℵ_0.

In particular, we say L is countable if it has a finite or countable number of sorts and distinguished function symbols.

3.4 Definition. Let L be a signature and suppose that M and N are normed space L-structures based on (M^{(s)} | s ∈ S) and (N^{(s)} | s ∈ S), respectively. We say that M is a substructure of N (or that N is an extension of M) if M^{(s)} ⊆ N^{(s)} for every s ∈ S and f^N extends f^M, for every function symbol f of L. We write M ⊆ N to indicate that M is a substructure of N.

Let N be as above and let (A^{(s)} | s ∈ S) be a family of sets such that A^{(s)} ⊆ N^{(s)} for every s ∈ S. The substructure of N generated by (A^{(s)} | s ∈ S) is the L-substructure M of N that results from closing (A^{(s)} | s ∈ S) and R = M^{(sR )} under all the functions of M. We say that N is finitely generated if N is generated by a family (A^{(s)} | s ∈ S) such that A^{(s)} is finite for every s ∈ S and A^{(s)} = ∅ for all but finitely many s ∈ S.

Signatures 15

Informally we may say that M ⊆ N holds if and only if M^{(s)} is a normed subspace of N^{(s)} for every s ∈ S and f^N maps M into itself, for every function symbol f of L.

3.5 Definition. Let L be a signature and suppose that M and N are normed space L-structures based on (M^{(s)} | s ∈ S) and (N^{(s)} | s ∈ S), respectively. An isomorphism between M and N consists of a collection of surjective isometries T^{(s)} : M^{(s)} → N^{(s)}, for s ∈ S, which commute with the interpretations of the function symbols of L in the following sense: whenever f : s_1 × · · · × s_m → s_0 is a function symbol of L and a_k ∈ M^{(sk )} for k = 1, . . . , m, we have

f^N( T^{(s1)}(a_1), . . . , T^{(sm)}(a_m) ) = T^{(s0)}( f^M(a_1, . . . , a_m) ).

We say that M and N are isomorphic, and write M ∼= N, if there exists an isomorphism between M and N. (Sometimes we say isometric isomorphism to emphasize that isomorphisms must be norm preserving; since the norm on each sort is included as a distinguished function in every normed space structure, it must be preserved by every isomorphism.)

An embedding (equivalently, isometric embedding) of M into N is an isomorphism between M and a substructure of N.

An automorphism (equivalently, isometric automorphism) of M is an isomorphism between M and M.

Note that if M and N are normed space L-structures and (T^{(s)} | s ∈ S) is an embedding of M into N, then T^{(sR )} must be the identity map of M^{(sR )} to N^{(sR )}.

3.6 Definition. Let L be a signature and suppose that M is an Lstructure based on (M^{(s)} | s ∈ S).

(i) The completion of M is the Banach space L-structure M defined as follows. For each s ∈ S let M^{(s)} denote the norm completion of M^{(s)}. Then M is based on (M^{(s)} | s ∈ S), and for every function symbol f of L, f^M is defined to be the unique continuous extension of f^M. (The domain D of f^M is determined since M is an L-structure based on a specific family of sorts, and D has the domain of f^M as a dense subspace.)

(ii) If M ⊆ N, the closure of M in N is the substructure M^′ of N defined as follows. For each s ∈ S let (M^{(s)})^′ denote the closure of M^{(s)} in N. Then M^′ is the substructure of N that is based on ((M^{(s)})^′ | s ∈ S). (Continuity of the functions of N ensures that there is such a substructure.)

Evidently each normed space structure is a substructure of its completion and of its closure in any extension.

3.7 Definition. Let L, L^′ be signatures with L ⊆ L^′ and suppose that N is an L^′-structure. The reduct of N to L is the L-structure that results by removing from N the sorts and functions that are indexed by L^′ but not by L. We say that a normed space N is an expansion of a structure M if M is a reduct of N.

We say that a normed space L^′-structure N is an expansion by constants of an L-structure M if L^′ is an extension by constants of L and N is an expansion of M.

Suppose L(C) is an extension by constants of L, M is a normed space L-structure based on (M^{(s)} | s ∈ S), and the L(C)-structure N is an expansion of M. In this situation we denote N by (M, A), where A is the function defined on C by setting A(c) = c^N for each c ∈ C. Suppose M is based on (M^{(s)} | s ∈ S). Note that A may be any function from C to elements of M which satisfies the requirement that for each c ∈ C, if the range of c is s, then A(c) ∈ M^{(s)}. We refer to the function A as an interpretation of C in M.

4 Ultrapowers of Normed Space Structures

Ultrafilter Limits Let X be a topological space. Further, let (x_ξ)_{ξ∈Λ} be an indexed family in X. If D is an ultrafilter on Λ and x ∈ X, we write lim_{ξ,D} x_ξ = x

and say that x is the D-limit of (x_ξ)_{ξ∈Λ} if for every neighborhood U of x, the set { ξ ∈ Λ | x_ξ ∈ U } is in the ultrafilter D. A basic fact from general topology is that X is a compact Hausdorff space if and only if for every indexed family (x_ξ)_ξ ∈ Λ in X and every ultrafilter D on Λ the D-limit of (x_ξ)_{ξ∈Λ} exists and is unique.

Ultraproducts of Normed Spaces Let (X_ξ | ξ ∈ Λ) be a family of normed spaces. Define ℓ_∞ ( Λ, (X_ξ | ξ ∈ Λ) ) = { (x_ξ)_{ξ∈Λ} ∈ ∏ ξ∈Λ X_ξ | sup_{ξ∈Λ} ‖x_ξ‖ < ∞ }. One sees that ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)) is naturally a normed space with respect to the norm defined by ‖(x_ξ)_{ξ∈Λ}‖_∞ = sup_{ξ∈Λ} ‖x_ξ‖.

An ultrafilter D on Λ induces a continuous seminorm on ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)) by defining ‖(x_ξ)_{ξ∈Λ}‖ = lim_{ξ,D} ‖x_ξ‖ for each (x_ξ)_{ξ∈Λ} ∈ ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)). The set N_D of families (x_ξ)_{ξ∈Λ} in ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)) such that ‖(x_ξ)_{ξ∈Λ}‖ = 0 is a closed subspace of ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)). We define ( ∏ ξ∈Λ X_ξ ) D = ( ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)) )/ N_D. The space ( ∏ ξ∈Λ X_ξ)_D is called the D-ultraproduct of (X_ξ | ξ ∈ Λ).

If (x_ξ)_{ξ∈Λ} ∈ ℓ_∞(Λ, (X_ξ | ξ ∈ Λ)) we denote the equivalence class of (x_ξ)_{ξ∈Λ} in ( ∏ ξ∈Λ X_ξ)_D by ((x_ξ)_{ξ∈Λ})_D.

If X_ξ = X for every ξ ∈ Λ, the space ( ∏ ξ∈Λ X_ξ)_D is called the Dultrapower of X and is denoted (X)_D.

If X is a normed space and D is an ultrafilter on Λ, then the map T : X → (X)_D defined by T (x) = ((x_ξ)_{ξ∈Λ})_D, where x_ξ = x for every ξ ∈ Λ, is an isometric embedding. It is called the diagonal embedding of X into (X)_D. This embedding is generally not surjective; it is, however, when the ultrafilter D is principal or the space X is finite dimensional.

Ultrapowers of Functions 4.1 Notation. If X is a normed space and r is a nonnegative real number, we let B_r(X) denote the closed ball of radius r around 0 in X.

4.2 Definition. Suppose that X^{(0)}, . . . , X^{(m)} are normed spaces and that F : X^{(1)} × · · · × X^{(m)} → X^{(0)}

is uniformly continuous on a subset B of X^{(1)} × · · · × X^{(m)}. A modulus of uniform continuity for F on B is a map Δ: (0, ∞) → (0, ∞) such that for any (x_1, . . . , x_m), (y_1, . . . , y_m) ∈ B and any ϵ > 0,

max_k ‖x_k − y_k‖ < Δ(ϵ) implies ‖F (x_1, . . . , x_m) − F (y_1, . . . , y_m)‖ ≤ ϵ.

Suppose that X^{(0)}, . . . , X^{(m)} are normed spaces and that

F : X^{(1)} × · · · × X^{(m)} → X^{(0)}

is uniformly continuous on every bounded subset of its domain. Given an ultrafilter D on Λ, we define a function

(F )_D : (X^{(1)})_D × · · · × (X^{(m)})_D → (X^{(0)})_D

as follows: if (x^k_ξ )_{ξ∈Λ} ∈ ℓ_∞(Λ, (X^{(k)})^Λ) for k = 1, . . . , m, then

(F )_D ( ((x^1_ξ)_{ξ∈Λ})_D, . . . , ((x^m_ξ )_{ξ∈Λ})_D ) = (( F (x^1_ξ , . . . , x^m_ξ ) ) ξ∈Λ ) D. The uniform continuity assumption on F ensures that (F )_D is welldefined; in fact, we have the following:

Ultrapowers 19

4.3 Proposition. Let F and (F )_D be as above. Any modulus of uniform continuity for F on B_{r1} (X^{(1)}) × · · · × B_{rm} (X^{(m)}) is also a modulus of uniform continuity for (F )_D on B_{r1} ((X^{(1)})_D) × · · · × B_{rm} ((X^{(m)})_D).

Proof. This is a consequence of the definition of D-limit.

The fact that (F )_D is well-defined depends in part on the observation that if B is a bounded convex subset of the domain of F and F is uniformly continuous on B, then F is uniformly bounded on B. Indeed, if the diameter of B is ≤ d, x is any element of B, and Δ is any modulus of uniform continuity for F on B, then for any y ∈ B we have ‖F (y)‖ ≤ ‖F (x)‖ + d · Δ(1)^{−1}.

Ultrapowers of Normed Space Structures 4.4 Definition. Let L be a signature and suppose that M is a normed space L-structure based on (M^{(s)} | s ∈ S). If D is an ultrafilter, the D-ultrapower of M is the normed space L-structure defined as follows. The sorts of (M)_D are the D-ultrapowers (M^{(s)})_D, for s ∈ S, and for every function symbol f of L, one sets f^{(M)D} = (f^M)_D.

4.5 Remark. If M is a normed space structure based on (M^{(s)} | s ∈ S) and T^{(s)} : M^{(s)} → (M^{(s)})_D is the diagonal embedding for each s ∈ S, then the family (T^{(s)} | s ∈ S) is an embedding of M into (M)_D. We call this family the diagonal embedding of M into (M)_D.

Nonstandard Hulls Let M be a normed space L-structure and let D be an ultrafilter on the index set Λ. The ultrapower (M)_D is an example of a nonstandard hull of M. This more general construction is widely used in applications of nonstandard analysis. See [HL85] [Lin88] [Hen97] for background on this construction and the general area of nonstandard analysis.

Given a set theoretic superstructure V of which M is an element, let ∗V be the D-ultrapower nonstandard extension of V constructed using the ultrafilter D. (See, for example, Section II.4 in [HL85] or the proof of Theorem 2.28 in [Hen97].) The *-mapping from V into^∗V takes M to the internal object^∗M; this object is represented by the constant family (M | ξ ∈ Λ).

In general, when^∗ V is any nonstandard extension of V , the nonstandard hull is constructed from^∗ M by (a) keeping finite elements of

∗ M (elements whose internal norm is a finite element of^∗ R ) and (b) identifying two finite elements x, y of the same sort of^∗ M if x − y is infinitesimal (i.e. its internal norm is an infinitesimal element of^∗ R ). The uniform continuity requirement on the operations F of M ensures that^∗ F maps finite arguments to finite values and preserves infinitesimal equivalence, so it gives rise to a well-defined quotient operation. The resulting structure is a normed space L-structure, denoted by ^M.

Again consider the situation where^∗V is the D-ultrapower nonstandard extension of V . It is easy to check that finite elements of^∗R have representatives which are bounded families of real numbers; likewise, infinitesimal elements of^∗ R are represented by families of real numbers whose D-limit is 0. It follows that the nonstandard hull ^M constructed using this^∗V is isomorphic, as a normed space L-structure, to (M)_D.

5 Positive Bounded Formulas

In this chapter we introduce the key ingredients of the logic for normed space structures that is described in this paper. These are the positive bounded formulas and the concept of approximate satisfaction of such formulas in normed space structures.

Let L be a signature for a normed space structure M based on (M^{(s)} | s ∈ S). Recall that S has a distinguished element s = s_R for which M^{(s)} = R is the sort of real numbers.

We begin considering M from the model theoretic point of view, introducing a formal language based on L and a semantics according to which this language is interpreted in M. In addition to the symbols of the signature L, we also need for each element s of the sort index set S, a countable set of symbols called the variables of sort s.

We begin defining the formal language by introducing the set of terms of L, or L-terms. Each term is a finite string of symbols, each of which may be a variable or a function symbol of L, or one of the symbols ( or , which are used for punctuation. In this many-sorted context, each term is associated with a unique sort which indicates its range. The formal definition is recursive.

5.1 Definition. An L-term with range of sort s is a string which can be obtained by finitely many applications of the following rules of formation:

· If x is a variable of L of sort s, then x is a term with range of sort s. · If f is a function symbol of L with f : s_1 × · · · × s_m → s_0 and t_k is a term with range of sort s_k for k = 1, . . . , m, then f(t_1, . . . , t_m) is a term with range of sort s_0.

We say that t is a term if t is a term with range of sort s for some s ∈ S; further, t is a real-valued term if t is a term with range of sort s_R .

5.2 Definition. Let L be a signature for normed space structures. The set of positive bounded L-formulas is defined recursively as follows.

· If t is a real-valued term and r is a fixed rational number, then the expressions r ≤ t, t ≤ r are positive bounded formulas.

· If φ_1 and φ_2 are positive bounded formulas, then the expressions

(φ_1 ∧ φ_2), (φ_1 ∨ φ_2)

are positive bounded formulas.

· If φ is a positive bounded formula, x is a variable, and r is a positive rational number, then the expressions

∃x(‖x‖ ≤ r ∧ φ), ∀x(‖x‖ ≤ r → φ) are positive bounded formulas.

Thus, the positive bounded formulas are built from the atomic formulas r ≤ t, t ≤ r by finite application of the positive connectives ∧, ∨ and the bounded quantifiers ∃x(‖x‖ ≤ r ∧ . . . ), ∀x(‖x‖ ≤ r → . . . ) If t is a term and r_1, r_2 are real numbers, we write r_1 ≤ t ≤ r_2 as an abbreviation of the positive bounded formula (r_1 ≤ t∧t ≤ r_2). Similarly, we write t = r as an abbreviation for r ≤ t ∧ t ≤ r. When the context allows it, we often omit the outer parentheses in formulas of the form (φ_1 ∧ φ_2) or (φ_1 ∨ φ_2). Sometimes we also write ⋀_n i=1 φ_i and ⋁_n i=1 φ_i as abbreviations of φ_1 ∧ · · · ∧ φ_n and φ_1 ∨ · · · ∨ φ_n, respectively.

The bounded quantifiers may also be abbreviated. We write ∃_rx φ and ∀_rx φ as abbreviations of ∃x(‖x‖ ≤ r ∧ φ) and ∀x(‖x‖ ≤ r → φ), respectively.

Let φ be a positive bounded formula. A subformula of φ is any string of consecutive symbols of φ which is a positive bounded formula in its own right. A variable x is said to be free in a positive bounded formula φ if there is at least one occurrence of x in φ which is not within any subformula of φ of the form ∃_rx ψ or ∀_rx ψ. A positive bounded sentence is a positive bounded formula without free variables.

If t is a term and x_1, . . . , x_n are distinct variables, we will write t(x_1, . . . , x_n) to indicate that all variables occurring in t are among x_1, . . . , x_n. Similarly, if φ is a positive bounded formula, we write φ(x_1, . . . , x_n) to indicate that all variables occurring free in φ are among x_1, . . . , x_n. Also, Γ(x_1, . . . , x_n) denotes a set of positive bounded formulas whose free variables are among x_1, . . . , x_n.

Each term t defines a function t^M on M, as specified in the following definition:

5.3 Definition. Suppose that M is a normed space L-structure based on (M^{(s)} | s ∈ S). Let t(x_1, . . . , x_n) be an L-term, where x_k is a variable of sort s_k for k = 1, . . . , n, and let a_1, . . . , a_n be such that a_k ∈ M^{(sk)} for k = 1, . . . , n. We define the evaluation of t in M at a_1, . . . a_n, denoted

t^M[a_1, . . . , a_n],

as follows. The definition is by induction on the complexity of t. It ensures that t^M[a_1, . . . , a_n] ∈ M^{(s)} holds whenever t is a term with range of sort s.

· If t is x_k, then t^M[a_1, . . . , a_n] is a_k;

· If t is f(t_1, . . . , t_m), where f is a function symbol of L and t_1, . . . , t_m are terms, then t^M[a_1, . . . , a_n] is

f^M(t^M_1 [a_1, . . . , a_n], . . . , t^M_m [a_1, . . . , a_n]).

5.4 Remark. Note that t^M[a_1, . . . , a_n] depends not only on t, M and a_1, . . . , a_n, but also on a given list of variables which is not explicit in the notation. The context will make it clear which list of variables is being used.

5.5 Definition. Suppose that M is a normed space L-structure based on (M^{(s)} | s ∈ S). Let φ(x_1, . . . , x_n) be a positive bounded L-formula, where x_k is a variable of sort s_k for k = 1, . . . , n, and let a_1, . . . , a_n be such that a_k ∈ M^{(sk)} for k = 1, . . . , n. We define the relation M |= φ[a_1, . . . , a_n]. When this holds, we say that M satisfies φ(x_1, . . . , x_n) at a_1, . . . , a_n, or that φ(x_1, . . . , x_n) is true in M at a_1, . . . , a_n. The definition of M |= φ[a_1, . . . , a_n] is by induction on the complexity of φ.

· If φ is t(x_1, . . . , x_n) ≤ r, where t is a real-valued term and r is a rational number, then M |= φ[a_1, . . . , a_n] if and only if t^M[a_1, . . . , a_n] ≤ r. · If φ is r ≤ t(x_1, . . . , x_n), where t is a real-valued term and r is a rational number, then M |= φ[a_1, . . . , a_n] if and only if r ≤ t^M[a_1, . . . a_n]. · If φ is (ψ_1 ∧ ψ_2), then M |= φ[a_1, . . . , a_n] if and only if M |= ψ_1[a_1, . . . , a_n] and M |= ψ_2[a_1, . . . , a_n].

· If φ is (ψ_1 ∨ ψ_2), then M |= φ[a_1, . . . , a_n] if and only if M |= ψ_1[a_1, . . . , a_n] or M |= ψ_2[a_1, . . . , a_n].

· If φ is ∃_rx ψ(x, x_1, . . . , x_n), where r is a positive rational number and x is a variable of sort s, then M |= φ[a_1, . . . , a_n] if and only if M |= ψ[a, a_1, . . . , a_n], for some a ∈ M^{(s)} with ‖a‖ ≤ r.

· If φ is ∀_rx ψ(x, x_1, . . . , x_n), where r is a positive rational number and x is a variable of sort s, then M |= φ[a_1, . . . , a_n] if and only if M |= ψ[a, a_1, . . . , a_n], for every a ∈ M^{(s)} with ‖a‖ ≤ r.

5.6 Definition. If M is a normed space L-structure and Γ(x_1, . . . , x_n) is a set of positive bounded L-formulas, we write M |= Γ[a_1, . . . , a_n] if M |= φ[a_1, . . . , a_n] for every φ ∈ Γ. In this case we say that M satisfies Γ(x_1, . . . , x_n) at a_1, . . . , a_n, or that Γ(x_1, . . . , x_n) is true in M at a_1, . . . , a_n.

Approximations We now define the concept of approximation of a positive bounded formula. Intuitively, if φ is a positive bounded formula, an approximation φ^′ of φ is a positive bounded formula that results from relaxing all the norm estimates in φ. We indicate that φ^′ is an approximation of φ by writing φ^′ > φ or equivalently φ < φ^′. The formal definition is by induction on the complexity of φ:

If φ is: The approximations of φ are: r ≤ t r^′ ≤ t, where r^′ < r t ≤ r t ≤ r^′, where r^′ > r (ψ_1 ∧ ψ_2) (ψ^′_1 ∧ ψ^′_2), where ψ^′_i > ψ_i, for i = 1, 2 (ψ_1 ∨ ψ_2) (ψ^′_1 ∨ ψ^′_2), where ψ^′_i > ψ_i, for i = 1, 2 ∃_rx ψ ∃_r′ x ψ^′, where r^′ > r and ψ^′ > ψ ∀_rx ψ ∀_r′ x ψ^′, where r^′ < r and ψ^′ > ψ 5.7 Remark. Suppose that M is an L-structure and φ(x_1, . . . , x_n) is a positive bounded formula. Then M |= φ[a_1, . . . , a_n] implies M |= φ^′[a_1, . . . , a_n], for every φ^′ > φ. 5.8 Notation. If Γ is a set of positive bounded formulas, we let Γ^+ denote the set of approximations of formulas in Γ.

Approximate Satisfaction 5.9 Definition. Suppose that M is a normed space L-structure based on (M^{(s)} | s ∈ S). Let φ(x_1, . . . , x_n) be an L-formula, where x_k is a variable of sort s_k, for k = 1, . . . , n, and let a_1, . . . , a_n be such that a_k ∈ M^{(sk)}, for each k. We say that M approximately satisfies φ(x_1, . . . , x_n) at a_1, . . . , a_n, or that φ(x_1, . . . , x_n) is approximately true at a_1, . . . , a_n in M, and we write M |=_A φ[a_1, . . . , a_n], if M |= φ^′[a_1, . . . , a_n] for every approximation φ^′ of φ. 5.10 Definition. If M is a normed space L-structure and Γ(x_1, . . . , x_n) is a set of positive bounded L-formulas, we say that M approximately satisfies Γ(x_1, . . . , x_n) at a_1, . . . , a_n (or that Γ(x_1, . . . , x_n) is approximately true in M at a_1, . . . , a_n), and write M |=_A Γ[a_1, . . . , a_n], if M |=_A φ[a_1, . . . , a_n] for every φ ∈ Γ.

5.11 Remark. Let Γ be as in the preceding definition and define Γ^+ as in 5.8. Then M |=_A Γ[a_1, . . . , a_n] if and only if M |= Γ^+[a_1, . . . , a_n]. 5.12 Notation. Suppose that M is a normed space L-structure based on (M^{(s)} | s ∈ S) and let φ(x_1, . . . , x_n) be an L-formula, where x_k is a variable of sort s_k, for k = 1, . . . , n. The relations M |= φ[a_1, . . . , a_n] and M |=_A φ[a_1, . . . , a_n] are defined only when a_k ∈ M^{(sk)} holds for k = 1, . . . , n. Informally, we express this requirement by saying that a_1, . . . , a_n are elements of suitable sorts of M.

Weak Negation The negation connective is not allowed in positive bounded formulas, nor is the implication connective, except when it occurs as part of a bounded universal quantifier. However, for every positive bounded formula φ there is a positive bounded formula neg(φ) which in Banach space model theory plays a role analogous to that of the negation of φ. The operation neg is defined by induction on the complexity of formulas, as follows.

If φ is: neg(φ) is: r ≤ t t ≤ r t ≤ r r ≤ t (ψ_1 ∧ ψ_2) (neg(ψ_1) ∨ neg(ψ_2))

(ψ_1 ∨ ψ_2) (neg(ψ_1) ∧ neg(ψ_2)) ∃_rx ψ ∀_rx neg(ψ) ∀_rx ψ ∃_rx neg(ψ) 5.13 Remarks. Suppose that φ(x_1, . . . , x_n),φ^′(x_1, . . . , x_n) are positive bounded L-formulas. Then the following conditions hold whenever M is a normed space L-structure and a_1, . . . , a_n are elements of suitable sorts of M.

(i) neg(neg(φ)) is φ.

(ii) φ < φ^′ if and only if neg(φ^′) < neg(φ). (iii) If M |̸= φ[a_1, . . . , a_n], then M |= neg(φ)[a_1, . . . , a_n]. (iv) If φ < φ^′ and M |= neg(φ^′)[a_1, . . . , a_n], then M |̸= φ[a_1, . . . , a_n].

5.14 Proposition. Suppose that M is a normed space L-structure. Let φ(x_1, . . . , x_n) be a positive bounded L-formula, and let a_1, . . . , a_n be elements of suitable sorts of M. Then M |̸=_A φ[a_1, . . . , a_n] if and only there exists φ^′ > φ such that M |=_A neg(φ^′)[a_1, . . . , a_n].

Proof. If M |̸=_A φ[a_1, . . . , a_n], there exists φ^′ > ψ such that M |̸= φ^′[a_1, . . . , a_n]. Then M |= neg(φ^′)[a_1, . . . , a_n] and hence

M |=_A neg(φ^′)[a_1, . . . , a_n]. (*)

Assume, conversely, that there exists φ^′ > φ such that (*) holds and take formulas ψ, ψ^′ such that φ < ψ < ψ^′ < φ^′. By Remark 5.13,

M |= neg(ψ^′)[a_1, . . . , a_n]

and hence M |̸= ψ[a_1, . . . , a_n], so M |̸=_A φ[a_1, . . . , a_n].

Perturbation Lemma If M is a normed space L-structure and t is an L-term, then t^M (see Definition 5.3) is a uniformly continuous function on any bounded subset of its domain. The next result shows that positive bounded formulas have a similar property.

This result first appeared, in the context of Banach spaces without additional structure, as [HM83a, Proposition 2.3]. It is the basis for many of the most important features of positive bounded formulas and approximate satisfaction.

5.15 Proposition (Perturbation Lemma). Let a normed space Lstructure M and a positive bounded L-formula φ(x_1, . . . , x_n) be given. Then for every r > 0 and every approximation φ^′ of φ there exists δ > 0 such that whenever a_1, . . . , a_n and b_1, . . . , b_n are elements of suitable sorts of M we have that

M |= ⋀ 1≤i≤n ‖a_i‖ ≤ r ∧ ⋀ 1≤i≤n ‖a_i − b_i‖ ≤ δ ∧ φ[a_1, . . . , a_n] implies M |= φ^′[b_1, . . . , b_n]. Proof. By induction on the complexity of φ.

5.16 Corollary. Let φ(x_1, . . . , x_n) be a positive bounded L-formula and let M be a normed space L-structure. Then the set

φ^M = {(a_1, . . . , a_n) | M |=_A φ[a_1, . . . , a_n]}

is norm-closed.

Proof. Suppose a_1, . . . , a_n are elements of suitable sorts of M such that (a_1, . . . , a_n) ∉ φ^M. By definition, there exists an approximation ψ^′ of φ such that M |̸= ψ^′[a_1, . . . , a_n].

Choose another approximation ψ such that φ < ψ < ψ^′. Let r be a real number such that ‖a_j ‖ + 1 ≤ r for all j = 1, . . . , n. From the Perturbation Lemma obtain δ with 0 < δ ≤ 1 for the formulas ψ, ψ^′ and the norm bound r. Whenever b_1, . . . , b_n are elements of suitable sorts with ‖b_j − a_j ‖ < δ for all j = 1, . . . , n it follows that M |̸= ψ[b_1, . . . , b_n] and hence M |̸=_A φ[b_1, . . . , b_n],

so (b_1, . . . , b_n) ∉ φ^M. This proves that φ^M is closed for the norm topology.

Satisfaction and Approximate Satisfaction Suppose L is a signature and M is a normed space L-structure. If φ(x_1, . . . , x_n) is a positive bounded L-formula without quantifiers, it is easy to show that for any elements a_1, . . . , a_n of suitable sorts of M,

M |=_A φ[a_1, . . . , a_n] if and only if M |= φ[a_1, . . . , a_n].

It follows that the same equivalence holds when φ is a positive bounded L-formula in which every bounded quantifier is universal (i.e., of the form ∀_rx).

However, for a general positive bounded formula φ, it is usually false that |=_A and |= have the same meaning. The most general thing one can say (see Remark 5.7) is that for any normed space L-structure M and any elements a_1, . . . , a_n of suitable sorts of M,

M |= φ[a_1, . . . , a_n] implies M |=_A φ[a_1, . . . , a_n].

For example, consider the following simple positive bounded sentence σ, where x, y are variables of sort s: ∃_1x∃_1y(‖x‖ = 1 ∧ ‖y‖ = 1 ∧ ‖x + y‖ = 1 ∧ ‖x − y‖ = 1). It is easy to show that M |= σ is true if and only if the normed space M^{(s)} contains a subspace linearly isometric to ℓ^2_∞. On the other hand, M |=_A σ holds if and only if ℓ^2_∞ is finitely representable in M^{(s)} (i.e., for each ϵ > 0, the normed space M^{(s)} has a subspace (1 + ϵ)-isomorphic to ℓ^2_∞. Finally, it is easy to construct Banach spaces X such that ℓ^2_∞ is finitely representable in X while X contains no subspace linearly isometric to ℓ^2_∞. If X is such a space, X |=_A σ while X |̸= σ.

Alternative Formulation of Quantifiers There are two essentially equivalent ways to formulate bounded universal quantifiers. Consider a positive bounded formula σ of the form ∀y(‖y‖ ≤ r → φ). As the term “positive” is normally used in formal logic, this is not a positive formula, since the atomic formula ‖y‖ ≤ r is implicitly negated due to its position in front of the implication connective. Some logicians may find this to be a bothersome abuse of terminology. However, when a positive bounded formula is interpreted using the semantics of approximate satisfaction, this syntactic issue disappears.

One could systematically replace conditions of the form ‖y‖ ≤ r in the bounded universal quantifier by ‖y‖ < r, thus making the formulas considered in this theory “positive” in the usual technical sense; let us write ~ψ for the result of making this change in every bounded universal quantifier in a positive bounded formula ψ. Thus we can write ~σ as ∀y(‖y‖ < r → ~φ). An easy argument by induction shows that if τ is any approximation of σ, then σ implies ~σ which in turn implies τ, when they are interpreted in any normed space structure. Therefore we also have τ implies ~τ.

Our entire theory could be based on the positive formulas ~σ; we would regard the positive formulas ~τ as the approximations of ~σ. The relationships in the previous paragraph yield that σ is approximately satisfied in a given normed space structure M if and only if ~σ is approximately satisfied in M (in the sense that every approximation ~τ is true in M). Hence there is no difference between σ and ~σ when the approximate semantics is used.

We chose to formulate this theory so that the two bounded quantifiers ∃_ry and ∀_ry are relativized to the same condition, namely ‖y‖ ≤ r, in the belief that this would seem more natural to a wider mathematical audience.

Earlier Approaches In a slightly different form, positive bounded formulas and approximate satisfaction were introduced for Banach spaces (for the most part considered without additional structure) in [Hen76]; see also [HM83b] and [HH86]. Here we consider a somewhat larger collection of positive bounded formulas than was used in those papers, but the differences are slight and inessential. (See the discussion of alternative formulations in Chapter 11.)

Formal languages for structures included among the ones considered here were also introduced by Krivine [Kri72] [Kri74] and by Stern [Ste74] [Ste75] [Ste76] [Ste77] [Ste78]. The formulas considered in these papers had limited quantifier complexity, either universal, existential, or universal-existential, and the focus of the work was on subspace properties or on relationships such as local reflexivity. These papers did not present a fully developed model theory for Banach spaces nor were they adequate to completely characterize the properties shared by a Banach space and its ultrapowers. These papers do contain many interesting results giving axiomatizations of familiar classes of spaces, and these results can be adapted to yield axiomatizations by positive bounded sentences for the most part. See the remarks in Chapter 13.

6 Basic Model Theory I

6.1 Definition. Let L be a signature for normed space structures. A positive bounded theory in L is a set of positive bounded L-sentences (i.e., formulas without free variables). If Γ is a positive bounded theory in L and M is a normed space L-structure, we say that M is an approximate model of Γ if M |=_A Γ. This is equivalent to saying that every sentence in Γ^+ is true in M.

If M is a normed space L-structure, the positive bounded theory of M, denoted Th_A(M), is the set of positive bounded L-sentences which are approximately satisfied by M.

6.2 Definition. Suppose that M and N are normed space L-structures based on (M^{(s)} | s ∈ S) and (N^{(s)} | s ∈ S), respectively.

(i) We say that M and N are approximately elementarily equivalent, and write

M ≡_A N,

if M and N approximately satisfy exactly the same positive bounded L-sentences i.e. if Th_A(M) = Th_A(N).

(ii) If M ⊆ N we say that M is an approximate elementary substructure of N, and write

M ⪯_A N,

if the following condition holds: whenever φ(x_1, . . . , x_n) is a positive bounded L-formula and a_1, . . . , a_n are elements of suitable sorts of M, we have

M |=_A φ[a_1, . . . , a_n] if and only if N |=_A φ[a_1, . . . , a_n].

In this case, we also say that N is an approximate elementary extension of N.

(iii) An approximate elementary embedding of M into N consists of a family of maps (T^{(s)} | s ∈ S) with T^{(s)} : M^{(s)} → N^{(s)} for s ∈ S such that the following condition holds: whenever φ(x_1, . . . , x_n) is a positive bounded L-formula and a_1, . . . , a_n are elements of M, where x_k is a variable of sort s_k and a_k ∈ M^{(sk )} for k = 1, . . . , n, we have

M |=_A φ[a_1, . . . , a_n] iff N |=_A φ[T^{(s1)}(a_1), . . . , T^{(sn)}(a_n)].

6.3 Remarks.

(i) Every approximate elementary embedding of one normed space structure into another is an embedding.

(ii) The collection of approximate elementary embeddings is closed under composition.

(iii) Every isomorphism between normed space structures is an approximate elementary embedding.

6.4 Proposition. Let M and N be normed space L-structures. The following conditions are equivalent:

(i) M ≡_A N;

(ii) For every positive bounded L-sentence φ and every approximation φ^′ of φ,

M |= φ implies N |= φ^′.

Proof. The implication (i)⇒(ii) is trivial. For the converse, note that condition (ii) implies immediately that Th_A(M) ⊆ Th_A(N). To complete the proof suppose that (ii) is true but that there exists a positive bounded sentence ψ such that N |=_A ψ and M |̸=_A ψ. Then there exists an approximation ψ^′ of ψ such that M |= neg(ψ^′) by Proposition 5.14. Let σ, σ^′ be approximations of ψ such that ψ < σ < σ^′ < ψ^′. By 5.13(iii) we have neg(ψ^′) < neg(σ^′). Hence by the assumed condition (ii) we get N |= neg(σ^′). By Remark 5.13(iv) we have N |̸= σ which contradicts the assumption that N |=_A ψ.

6.5 Remark. Proposition 6.4 shows the usefulness of the weak negation operation. This result yields that if M and N are normed space Lstructures with Th_A(M) ⊆ Th_A(N), then Th_A(M) = Th_A(N) (that is, M ≡_A N.

Basic Model Theory I 33

6.6 Proposition (Tarski-Vaught Test for ⪯_A). Suppose M, N are normed space L-structures with M ⊆ N. The following conditions are equivalent:

(i) M ⪯_A N;

(ii) For every positive bounded L-formula φ(x_1, . . . , x_n, y) and every approximation φ^′ of φ the following condition holds: if a_1, . . . , a_n are elements of suitable sorts of M and b is in a suitable sort of N, and if N |= φ[a_1, . . . , a_n, b], then there exists c in a suitable sort of M such that N |= φ^′[a_1, . . . , a_n, c]. Proof. The implication from the first condition to the second is immediate from the definition of ⪯_A. For the converse direction, one proves the equivalence

M |=_A φ[a_1, . . . , a_n] if and only if N |=_A φ[a_1, . . . , a_n]

(for a_1, . . . , a_n in suitable sorts of M) by induction on the complexity of φ, using the given condition to cover the case when φ begins with a quantifier.

6.7 Corollary. Let M and N be normed space L-structures with M ⪯_A N. Let M be the completion of M and let M^′ be the closure of M in N. Then (i) M ⪯_A M and (ii) M ⪯_A M^′ ⪯_A N.

Proof. Use the Perturbation Lemma (Proposition 5.15) to verify the second condition in Proposition 6.6.

7 Quantifier-Free Formulas

In this chapter we consider normed spaces (over R ) without any additional structure, and we give some information about what can be expressed by quantifier-free positive bounded formulas.

Here L_0 is the signature for normed spaces. This has two sorts, one of which is for the scalar field R , and function symbols corresponding to the fact that each sort is regarded as a normed space. If X is a normed space, we regard it as an L_0-structure in an obvious way, as follows: the distinguished functions in this L_0-structure include the field operations +, −, ×, the identities 0 and 1, and the absolute value function, all on R ; in addition there are the vector addition and subtraction functions (mapping X × X to X), the norm (mapping X to R ), the scalar multiplication (mapping R × X to X), and the additive identity 0 in X. The signature also has constant symbols naming the rational numbers within the sort R .

Let X and Y be normed spaces, and consider ā = (a_1, . . . , a_n) ∈ X^n and b̄ = (b_1, . . . , b_n) ∈ Y^n. Let λ ≥ 1. We say ā and b̄ are λ-equivalent, and write ā ∼_λ b̄, if for every sequence of scalars r_1, . . . , r_n we have λ^{−1} ‖ ‖ n∑ j=1 r_j a_j ‖ ‖_X ≤ ‖ ‖ n∑ j=1 r_j b_j ‖ ‖_Y ≤ λ ‖ ‖ n∑ j=1 r_j a_j ‖ ‖_X . Equivalently, ā ∼_λ b̄ holds iff there is a linear isomorphism T from the linear span of ā onto the linear span of b̄ satisfying T (a_j ) = b_j for all j = 1, . . . , n and with ‖T ‖ ≤ λ and ‖T^{−1}‖ ≤ λ. (We refer to a linear isomorphism satisfying these norm bounds as a λ-isomorphism.)

7.1 Theorem. Let ā = (a_1, . . . , a_n) be a linearly independent sequence in a normed space X and let 1 ≤ λ < η. There exists a quantifier-free positive bounded L_0-formula φ and an approximation φ^′ > φ such that for any normed space Y and any b̄ = (b_1, . . . , b_n) ∈ Y^n the following two conditions hold:

(i) If ā ∼_λ b̄ then Y |= φ[b̄]; (ii) if Y |= φ^′[b̄] then b̄ ∼_η ā.

Proof. The construction of φ and φ^′ is based on a familiar set of estimates and depends on the compactness of closed bounded sets in finite dimensional normed spaces.

Fix ā = (a_1, . . . , a_n) linearly independent in a normed space X. Let E be the linear span of ā. Fix r and ϵ > 0 such that ‖a_i‖ ≤ r for all i = 1, . . . , n and ‖ ‖^n∑ j=1 r_j a_j ‖ ‖ ≥ ϵ · max(|r_1|, . . . , |r_n|)

for all r_1, . . . , r_n ∈ R . Fix δ close to 0 in the interval 0 < δ < 1/2, with its size to be determined later. We suppose that r, ϵ, δ are all in Q .

Let F be a finite subset of Q^n such that for each (r_1, . . . , r_n) ∈ F we have 1 − δ ≤ ‖ ‖ ‖ n∑ j=1 r_j a_j ‖ ‖ ‖ ≤ 1 + δ. We take F large enough so that for any z ∈ E with ‖z‖ = 1 there exists (r_1, . . . , r_n) ∈ F such that ‖ ‖ ‖z − n∑ j=1 r_j a_j ‖ ‖ ‖ ≤ δ. We let φ(v_1, . . . , v_n) be the conjunction of the atomic formulas ‖v_j ‖ ≤ λr for j = 1, . . . , n as well as the atomic formulas

(1 − δ)λ^{−1} ≤ ‖ ‖^n∑ j=1 r_j v_j ‖ ‖ ≤ (1 + δ)λ

as (r_1, . . . , r_n) ranges over F . Note that since L_0 has a constant naming each rational number, this is a well-formed positive bounded quantifierfree formula in L_0.

We let φ^′ be formed in the same way as φ, except we replace each occurrence of δ by 2δ and we replace rλ by rλ + δ. It is clear that φ^′ is an approximation of φ.

The construction makes it clear that φ satisfies condition (i) in the Theorem. Suppose Y is any normed space and b̄ = (b_1, . . . , b_n) is any sequence in Y such that Y |= φ^′[b_1, . . . , b_n]. We must show that b̄ ∼_η ā. To do this it suffices to consider any element z = ∑_n j=1 s_j a_j with ‖z‖ = 1 and to show that η^{−1} ≤ ‖ ‖ n∑ j=1 s_j b_j ‖ ‖ ≤ η. Given such an element z, choose (r_1, . . . , r_n) ∈ F such that ‖ ‖z − n∑ j=1 r_j a_j ‖ ‖ ≤ δ. This sequence determines one of the atomic formulas that we included in φ^′, from which we conclude that

(1 − 2δ)λ^{−1} ≤ ‖ ‖ ‖ n∑ j=1 r_j b_j ‖ ‖ ‖ ≤ (1 + 2δ)λ. Our choice of ϵ ensures that δ ≥ ‖ ‖^n∑ j=1 r_j a_j − n∑ j=1 s_j a_j ‖ ‖ ≥ ϵ · max(|r_j − s_j | | j = 1, . . . , n).

Hence, using the triangle inequality we get ‖ ‖^n∑ j=1 r_j b_j − n∑ j=1 s_j b_j ‖ ‖ ≤ δ ϵ n(rλ + δ). Let γ =^δ_ϵ n(rλ + δ). Note that γ can be made arbitrarily small by choosing δ small enough. From these estimates we conclude that (1 − 2δ)λ^{−1} − γ ≤ ‖ ‖ n∑ j=1 s_j b_j ‖ ‖ ≤ (1 + 2δ)λ + γ. This makes it clear that φ^′ satisfies (ii) as long as we choose δ small enough so that (1 + 2δ)λ + γ ≤ η and (1 − 2δ)λ^{−1} − γ ≥ η^{−1}.

Note that the preceding Theorem cannot be true in precisely this form if ā = (a_1, . . . , a_n) is linearly dependent. Suppose otherwise, that formulas φ^′ > φ exist satisfying the conditions of the Theorem. We may consider ā embedded isometrically in an infinite dimensional normed space X. Let δ > 0 be as in the Perturbation Lemma (Proposition 5.15) for the formulas φ^′ > φ and for r = max(‖a_1‖, . . . , ‖a_n‖). There exists a perturbation b̄ of ā in X such that b̄ is linearly independent and such that ‖b_j − a_j ‖ < δ for all j = 1, . . . , n. Since X |= φ[ā] it follows from the choice of δ that X |= φ^′[b̄]. Therefore ā is isomorphically equivalent to b̄, from which it follows that ā must be linearly independent.

However, the quantifier-free formulas shown to exist in the preceding Theorem are sufficient for most purposes. We will next use them to show that whenever X ⪯_A Y , the normed spaces X and Y have the same “local reflexivity” relationship that X has with its second dual. (However, there is a limit to this analogy; indeed, the second dual of X is rarely an approximate elementary extension of X.)

7.2 Corollary. Let X and Y be normed spaces with X ⪯_A Y . Let E be a finite dimensional subspace of Y and η > 1. There exists an ηisomorphism T of E into X such that T (x) = x for all x ∈ E ∩ X. In particular, Y is finitely representable in X.

Proof. Let X, Y, E, λ be as stated. Choose a basis a_1, . . . , a_m for E such that a_1, . . . , a_k is a basis for E ∩ X, k ≤ m. Taking λ = 1, let φ < φ^′ be quantifier-free positive bounded formulas as in Theorem 7.1. Let r = max(‖a_{k+1}‖, . . . , ‖a_m‖) and s > r. By the choice of φ we have Y |= ∃_rx_{k+1} . . . ∃_rx_mφ[a_1, . . . , a_k]. Since X ⪯_A Y this implies X |= ∃_sx_{k+1} . . . ∃_sx_mφ^′[a_1, . . . , a_k]. Hence there exists b_{k+1}, . . . , b_m ∈ X such that X |= φ^′[a_1, . . . , a_k, b_{k+1}, . . . , b_m]. Therefore (a_1, . . . , a_k, a_{k+1}, . . . , a_m) ∼_η (a_1, . . . , a_k, b_{k+1}, . . . , b_m) by the choice of φ^′. That is, there is an η-isomorphism T such that for j = 1, . . . , m we have T (a_j ) = a_j and for j = k + 1, . . . , m we have T (a_j ) = b_j . Therefore T is the desired η-isomorphism of E into X.

In the case where Y is an ultrapower or a nonstandard hull of X, the preceding result was proved independently by Stern [Ste76] and by Henson and Moore [HM74a] [HM74b].

Note the following consequence of Corollary 7.2: suppose M and N are normed space L-structures and M ⪯_A N. If s ∈ S and M^{(s)} is finite dimensional, then N^{(s)} = M^{(s)}.

8 Ultraproducts of Normed Space Structures

Uniform Families of L-structures 8.1 Definition. Suppose that (M_ξ | ξ ∈ Λ) is a family of normed space L-structures and that M_ξ is based on (M^{(s)}_ξ | s ∈ S) for each ξ ∈ Λ. Let f : s_1 × · · · × s_m → s_0 be a function symbol of L, so f^{Mξ} denotes the interpretation of f in M_ξ. We say that (f^{Mξ} | ξ ∈ Λ) is a uniform family of functions if the following two conditions hold. (They express the requirement that the functions f^{Mξ} are bounded and uniformly continuous on bounded subsets of their domains in a way that is uniform in the index ξ ∈ Λ.)

(i) (Uniform Boundedness Condition) For each sequence of positive real numbers r_1, . . . , r_m there exists a positive real number R such that for arbitrary ξ ∈ Λ and x^k_ξ ∈ B_{rk} (M_ξ^{(sk)}), k = 1, . . . , m, we have ‖f^{Mξ} (x^1_ξ , . . . , x^m_ξ )‖ ≤ R. When this holds, the number R is called a uniform bound for (f^M_ξ | ξ ∈ Λ) on ( B_{r1} (M_ξ^{(s1)}) × · · · × B_{rm} (M_ξ^{(sm)}) | ξ ∈ Λ ).

(ii) (Uniform Continuity Condition) For each sequence of positive real numbers r_1, . . . , r_m there exists a function Δ: (0, ∞) → (0, ∞) such that for every ξ ∈ Λ, Δ is a modulus of uniform continuity for f^{Mξ} on B_{r1} (M_ξ^{(s1)}) × · · · × B_{rm} (M_ξ^{(sm)}) (see Definition 4.2). In this case, we say that Δ is uniform modulus of uniform continuity for (f^M_ξ | ξ ∈ Λ) on ( B_{r1} (M_ξ^{(s1)}) × · · · × B_{rm} (M_ξ^{(sm)}) | ξ ∈ Λ ).

We say that a family (M_ξ | ξ ∈ Λ) of normed space L-structures is uniform if for every function symbol f of L, the family of functions (f^{Mξ} | ξ ∈ Λ) is uniform.

A class C of normed space L-structures is called uniform if every family of structures in C is uniform.

8.2 Remark. Suppose that (M_ξ | ξ ∈ Λ) is a family of normed space L-structures and that M_ξ is based on (M^{(s)}_ξ | s ∈ S) for each ξ ∈ Λ. Let f : s_1 × · · · × s_m → s_0 be a function symbol of L. Suppose the uniform continuity condition holds for (f^M_ξ | ξ ∈ Λ) on ( B_{r1} (M_ξ^{(s1)}) × · · · × B_{rm} (M_ξ^{(sm)}) | ξ ∈ Λ ). In order for the uniform boundedness condition to hold for (f^M_ξ | ξ ∈ Λ) on ( B_{r1} (M_ξ^{(s1)}) × · · · × B_{rm} (M_ξ^{(sm)}) | ξ ∈ Λ ) it suffices for the family (‖f^{Mξ} (0, . . . , 0)‖ | ξ ∈ Λ) to be bounded in R ..

In particular, if f is a constant symbol, (f^{Mξ} | ξ ∈ Λ) is uniform iff there is a uniform bound on (‖f^{Mξ} ‖ | ξ ∈ Λ) (i.e., the uniform continuity requirement is automatic).

8.3 Examples. The following are some examples of uniform classes of L-structures, for various signatures L:

(i) Normed spaces over R . (ii) Normed spaces over C . (iii) Normed vector lattices. (iv) Normed algebras. (v) C^∗-algebras.

(vi) Hilbert spaces (with inner product included as a function). (vii) Dual pairs (X, X^′), where X is a Banach space, X^′ is the dual of X, and the pairing is included as a function.

(viii) Triples (X, X^′, X^{′′}), where X^′ and X^{′′} are the dual and the double dual of X and the pairing between X and X^′, the pairing between X^′ and X^{′′}, and the embedding X → X^{′′} are included as functions.

(ix) Operator spaces (with the infinite family of matrix norms included as functions).

(x) Any uniform class C of normed space structures can be expanded to a uniform class by adding to each structure in C a list of bounded linear operators as functions, as long as for each additional function symbol f there is a uniform bound on the operator norms of f^M as M ranges over C.

8.4 Remarks. Let C be a uniform class of normed space L-structures. There exists a set Γ of positive bounded sentences which expresses the specific conditions on C that ensure it is uniform. That is, every structure in C is an approximate model of Γ and the class of all approximate models of Γ is uniform itself. Moreover, the sentences in Γ can all be taken to be in prenex normal form with only ∀ quantifiers. The following two statement follow from this:

(i) If D is the class of all L-structures isomorphic to a substructure of some structure in C, then D is also a uniform class of L-structures.

(ii) If D is the class of all L-structures that are approximately elementarily equivalent to some member of C, then D is also a uniform class of Lstructures.

Ultraproducts of Normed Space L-structures Suppose that (M_ξ | ξ ∈ Λ) is a family of normed space L-structures and that M_ξ is based on (M^{(s)}_ξ | s ∈ S) for each ξ ∈ Λ. Let f : s_1 ×· · ·×s_m → s_0 be a function symbol of L such that the family (f^{Mξ} | ξ ∈ Λ) of interpretations of f is uniform. Given an ultrafilter D on Λ, we define a function ( ∏ ξ∈Λ f^{Mξ} ) D : ( ∏ ξ∈Λ M^{(s1)}_ξ ) D × · · · × ( ∏ ξ∈Λ M^{(sm)}_ξ ) D → ( ∏ ξ∈Λ M^{(s0)}_ξ ) D as follows. If (x^k_ξ )_{ξ∈Λ} ∈ ℓ_∞(Λ, (M^{(sk)}_ξ | ξ ∈ Λ)) for k = 1, . . . , m, we let ( ∏ ξ∈Λ f^{Mξ} ) D ( ((x^1_ξ )_{ξ∈Λ})_D, . . . , ((x^m_ξ )_{ξ∈Λ})_D ) = (( f^{Mξ} (x^1_ξ , . . . , x^m_ξ ) ) ξ∈Λ ) D. The fact that the family (f^{Mξ} | ξ ∈ Λ) is uniform ensures that the function ( ∏ ξ∈Λ f^{Mξ} )_D is well-defined. Note that any uniform modulus of uniform continuity for (f^{Mξ} | ξ ∈ Λ) on

( B_{r1} (M_ξ^{(s1)}) × · · · × B_{rm} (M_ξ^{(sm)}) | ξ ∈ Λ )

is also a modulus of uniform continuity for ( ∏ ξ∈Λ f^{Mξ} )_D on

B_{r1} ( ( ∏ ξ∈Λ M_ξ^{(s1)} ) D ) × · · · × B_{rm} ( ( ∏ ξ∈Λ M_ξ^{(sm)} ) D ). Similarly, any uniform bound for (f^{Mξ} | ξ ∈ Λ) yields a bound for ( ∏ ξ∈Λ f^{Mξ} )_D.

8.5 Definition. If (M_ξ | ξ ∈ Λ) is a uniform family of normed space Lstructures such that M_ξ is based on (M^{(s)}_ξ | s ∈ S) and D is an ultrafilter on Λ, the D-ultraproduct of (M_ξ | ξ ∈ Λ), denoted ( ∏ ξ∈Λ M_ξ ) D is the L-structure M defined as follows. The sorts of M are the normed space D-ultraproducts

M^{(s)} = ( ∏ ξ∈Λ M^{(s)}_ξ ) D for each s ∈ S, and

f^M = ( ∏ ξ∈Λ f^{Mξ} ) D for each function symbol f : s_1 × · · · × s_m → s_0 of L.

8.6 Remarks.

(i) The definition of uniform class of normed space structures is precisely what is needed to ensure that the normed space ultraproduct construction makes sense when applied to any family taken from the class. That is, if (M_ξ | ξ ∈ Λ) is a family of normed space L-structures, then the definition of ( ∏ ξ∈Λ M)_D makes sense for every ultrafilter D on Λ if and only if (M_ξ | ξ ∈ Λ) is uniform.

(ii) Many operations on normed space structures preserve uniformity. For example, if C is a uniform class of structures, then the class D that results from closing C under ultraproducts is also uniform. See also Remark 8.4.

Nonstandard Hulls Let D be an ultrafilter on the index set Λ and let (M_ξ | ξ ∈ Λ) be a uniform family of normed space L-structures. As indicated on page 19 for ultrapowers, the ultraproduct ( ∏ ξ∈Λ M)_D can be seen as a nonstandard hull, when the superstructure V and nonstandard extension^∗V are suitably chosen.

Namely, let V be any set theoretic superstructure which contains the set S = {M_ξ | ξ ∈ Λ} as an element. Let^∗ V be the D-ultrapower nonstandard extension of V . The family (M_ξ | ξ ∈ Λ) corresponds to an internal element M of^∗S; in particular, M is an internal normed space Lstructure. For each function symbol f of L, the interpretation f^M of f in M is the internal function whose representative is the family (f^{Mξ} | ξ ∈ Λ). The requirement that the family (M_ξ | ξ ∈ Λ) be uniform ensures that for each function symbol f of L, the internal function f^M takes finite arguments to finite values, and preserves the infinitesimal equivalence relation. Hence M gives rise to a natural quotient structure (keeping finite elements of M and identifying two of them if their difference is infinitesimal) which is a normed space L-structure, denoted by ^M. The nonstandard hull ^M is isomorphic, as a normed space L-structure, to the ultraproduct ( ∏ ξ∈Λ M)_D.

9 Basic Model Theory II

In this chapter we continue the development of basic model theory for normed space structures, including such fundamental results as the Compactness Theorem (Propositions 9.5 and 9.22).

Our first result gives a uniform version of the Perturbation Lemma (Proposition 5.15), strengthening a key property of positive bounded formulas and approximate satisfaction.

9.1 Proposition (Perturbation Lemma for Uniform Classes). Suppose that C is a uniform class of L-structures and φ(x_1, . . . , x_n) is a positive bounded L-formula. Then for every r > 0 and every approximation φ^′ of φ there exists δ > 0 such that whenever M is a structure in C and a_1, . . . , a_n, b_1, . . . , b_n are elements of suitable sorts of M, we have that

M |= ⋀ 1≤i≤n ‖a_i‖ ≤ r ∧ ⋀ 1≤i≤n ‖a_i − b_i‖ ≤ δ ∧ φ[a_1, . . . , a_n] implies M |= φ^′[b_1, . . . , b_n]. Proof. The proof of Proposition 5.15 depends only on being given specific moduli of uniform continuity and uniform bounds for each of the functions in the structure being considered. Therefore, if all structures considered come from a uniform class of L-structures, then the dependence of δ on r, φ, and φ^′ can be taken to be the same for all of them.

Ultraproducts and |=_A The next result is the analogue, in the model theory of normed space structures, of the result in first-order model theory that is known as the Fundamental Theorem on Ultraproducts or as the Łoś Theorem, and which was proved by J. Łoś [Łoś55].

9.2 Proposition. Let (M_ξ | ξ ∈ Λ) be a uniform family of normed space L-structures and let φ(x_1, . . . , x_n) be a positive bounded formula, where x_k is a variable of sort s_k, for k = 1, . . . , n. If M_ξ is based on (M^{(s)}_ξ | s ∈ S) and a_k ∈ ℓ_∞(Λ, (M^{(sk)}_ξ | ξ ∈ Λ)), for k = 1, . . . , n, then ( ∏ ξ∈Λ M_ξ ) D |=_A φ[ (a_1)_D, . . . , (a_n)_D ]

if and only if for every approximation φ^′ of φ, the set

{ ξ ∈ Λ | M_ξ |= φ^′[a_1(ξ), . . . , a_n(ξ)] }

is in the ultrafilter D.

Proof. The proof is by induction on the complexity of φ. Use Proposition 5.14.

9.3 Corollary. If M is a normed space structure based on (M^{(s)} | s ∈ S) and T^{(s)} : M^{(s)} → (M^{(s)})_D is the diagonal embedding for each s ∈ S, then the family (T^{(s)} | s ∈ S) is an approximate elementary embedding of M into (M)_D.

Proof. From Proposition 9.2.

9.4 Corollary. If M and N are normed space L-structures and they have isomorphic ultrapowers, then M ≡_A N.

The converse of the preceding result is also true, in a strong form: in particular, if M and N are normed space L-structures and M ≡_A N, then there exists an ultrafilter D such that (M)_D is isomorphic to (N)_D. Chapter 10 below is devoted to proving a series of results of this kind.

In the rest of this chapter we regularly use notation established in Definition 3.7, which we now recall. Let L be a signature and L(C) an extension of L by constants, with C being the set of new constants that has been added to L. For any L-structure M, an arbitrary expansion of M to an L(C)-structure is denoted (M, A); A(c) is taken to be the interpretation of the constant symbol c in this expansion, for each c ∈ C. The function A is referred to as an interpretation of C in M. Note that each constant c must be assigned a unique sort from L in order to specify the signature L(C), and the function A must respect these sort assignments.

The Compactness Theorem 9.5 Proposition (Compactness Theorem). Let Γ be a set of positive bounded L-sentences. Suppose that C is a uniform class of normed space L-structures such that for each finite subset Σ of Γ^+ there exists a structure in C which satisfies Σ. Then there exists an ultraproduct of structures from C which approximately satisfies the entire set Γ.

Proof. Let Λ be the set of finite subsets of Γ^+ and for each ξ ∈ Λ let M_ξ be a normed space L-structure in C which satisfies every sentence in ξ. For every finite subset Δ of Γ^+ let F_Δ be the set of all ξ ∈ Λ such that Δ ⊆ ξ. Note that F_Δ is contained in {ξ ∈ Λ | M_ξ |= Δ}. The family F of sets of the form F_Δ is closed under finite intersections. Then ( ∏ ξ∈Λ M_ξ ) D |=_A Γ

for any ultrafilter D on Λ extending F, by Proposition 9.2.

9.6 Remark. We will see in Proposition 9.22 that the ultraproduct constructed in the proof of Proposition 9.5 actually satisfies (not just approximately satisfies) every sentence in Γ.

9.7 Corollary. Let C be a uniform class of normed space L-structures which is closed under ultraproducts. The following conditions are equivalent for a positive bounded theory Γ in L:

(i) There exists a structure M in C such that Γ = Th_A(M); (ii) Every finite subset of Γ^+ is satisfied by some structure in C and for every positive bounded L-sentence φ and every φ^′ > φ either φ ∈ Γ or neg(φ^′) ∈ Γ.

Proof. The implication (i)⇒(ii) follows from Proposition 5.14. To prove (ii)⇒(i), use Proposition 9.5 to obtain a structure M in C such that M |=_A Γ. If (i) fails to hold, then there is a positive bounded sentence φ such that M |=_A φ but φ ∉ Γ. Let φ^′, φ^{′′} be approximations of φ with φ < φ^′ < φ^{′′}. By (ii) we have neg(φ^{′′}) ∈ Γ and hence M |=_A neg(φ^{′′}). By 5.13(iv) we conclude M |̸= φ^′ which contradicts our assumption that M |=_A φ.

9.8 Definition. A set Γ of positive bounded L-sentences that satisfies Γ = Th_A(M) for some L-structure M is called a complete positive bounded theory in L.

9.9 Proposition. Let M and N be normed space L-structures based on (M^{(s)} | s ∈ S) and (N^{(s)} | s ∈ S), respectively, such that M ⊆ N. The following conditions are equivalent:

(i) M ⪯_A N;

(ii) There exists an ultrapower (M)_D of M and an elementary embedding (T^{(s)} | s ∈ S) of N into (M)_D such that T^{(s)} is the identity on M^{(s)} for each s ∈ S.

Proof. The proof of (ii)⇒(i) is routine. We give the proof of (i)⇒(ii).

To begin, we add to L a set C of new constants of suitable sorts, with the intention of naming the elements of N. Let A be an interpretation of C in N such that every element of N is of the form A(c) for some c ∈ C. We consider the L(C)-structure (N, A) and let Γ = Th_A(N, A).

For each c ∈ C let r_c be a real number satisfying ‖A(c)‖ < r_c. Let C be the class of all L(C)-structures of the form (M, B) such that for all c ∈ C we have ‖B(c)‖ < r_c as well as having B(c) = A(c) in every case where A(c) is an element of M. Note that C is a uniform class of L(C)-structures.

The hypothesis M ⪯_A N ensures that each finite subset of Γ^+ is satisfied by some member of C. Using the Compactness Theorem (Proposition 9.5) we obtain a family of structures from C and an ultrafilter D such that the D-ultraproduct of the family approximately satisfies the entire set Γ. This ultraproduct is of the form ((M)_D, B) for some function B from C to elements of (M)_D. Moreover, if c ∈ C and a = A(c) is an element of M, then B(c) must be the image of the diagonal embedding (of M into (M)_D) applied to a. The desired elementary embedding of N into (M)_D is obtained by mapping A(c) to B(c) for each c ∈ C.

Unions of Chains

If Λ is a linearly ordered set, a Λ-chain of normed space L-structures is a family (M_ξ | ξ ∈ Λ) such that M_ξ ⊆ M_η for ξ < η. If (M_ξ | ξ ∈ Λ) is a chain of L-structures such that the family (M_ξ | ξ ∈ Λ) is uniform, we can define the union ⋃ ξ∈Λ M_ξ as an L-structure as follows. If M_ξ is based on (M^{(s)}_ξ | s ∈ S) for each ξ ∈ Λ, then ⋃ ξ∈Λ M_ξ is based on ( ⋃ ξ∈Λ M^{(s)}_ξ | s ∈ S), and if f : s_1 × · · · × s_m → s_0 is a function symbol of L, then the interpretation of f in ⋃ ξ∈Λ M_ξ is the unique function

F : ⋃ ξ∈Λ M^{(s1)}_ξ × · · · × ⋃ ξ∈Λ M^{(sm)}_ξ → ⋃ ξ∈Λ M^{(s0)}_ξ

such that for ξ ∈ Λ and (x_1, . . . , x_m) ∈ M^{(s1)}_ξ × · · · × M^{(sm)}_ξ one has F (x_1, . . . , x_m) = f^{Mξ} (x_1, . . . , x_m).

The assumption that the chain (M_ξ | ξ ∈ Λ) is a uniform family of L-structures is needed to ensure that the functions defined above are uniformly continuous on bounded subsets of their domains.

9.10 Definition. A chain of structures (M_ξ | ξ ∈ Λ) is called an approximate elementary chain if M_ξ ⪯_A M_η for all ξ < η.

9.11 Remark. If (M_ξ | ξ ∈ Λ) is an approximate elementary chain, then the family (M_ξ | ξ ∈ Λ) is uniform, so the union ⋃ ξ∈Λ M_ξ is welldefined.

9.12 Corollary. If (M_ξ | ξ ∈ Λ) is an approximate elementary chain, then M_ξ ⪯_A ⋃ ξ∈Λ M_ξ for every ξ ∈ Λ.

Proof. Use Proposition 6.6.

Löwenheim-Skolem Theorems Recall that the density character of a topological space is the smallest cardinality of a dense subset of the space. For example, a space is separable if and only if its density character is ℵ_0. If A is a topological space, we denote its density character by density(A).

9.13 Proposition (Downward Löwenheim-Skolem Theorem). Let M be a normed space L-structure based on (M^{(s)} | s ∈ S). Suppose that we are given sets A^{(s)} ⊆ M^{(s)} for every s ∈ S and a cardinal number κ such that density(A^{(s)}) ≤ κ for every s ∈ S and card(L) ≤ κ. Then there exists a closed substructure N of M based on (N^{(s)} | s ∈ S) such that

(i) N ⪯_A M;

(ii) A^{(s)} ⊆ N^{(s)} ⊆ M^{(s)}, for every s ∈ S; (iii) density(N^{(s)}) ≤ κ, for every s ∈ S.

Proof. For each s ∈ S let A^{(s)}_0 be a dense subset of A^{(s)} of cardinality at most κ. Without loss of generality we may assume that A^{(sR )}_0 contains the set of rational numbers. By suitably enlarging these sets, we may obtain a family of sets (N^{(s)}_0 | s ∈ S) such that A^{(s)}_0 ⊆ N^{(s)}_0 ⊆ M^{(s)} and card(N^{(s)}_0 ) ≤ κ for every s ∈ S and such that the following closure condition also holds: for every positive bounded formula φ(x_1, . . . , x_n, x_{n+1}) and every approximation φ^′ of φ, with x_k a variable of sort s_k for k = 1, . . . , n+1, if M |= φ[a_1, . . . , a_n, a_{n+1}] with a_k ∈ N^{(sk)}_0 for k = 1, . . . , n and a_{n+1} ∈ M^{(sn+1)}, then there exists b ∈ N^{(sn+1)}_0 such that M |= φ^′[a_1, . . . , a_n, b]. It is possible to do this while maintaining the claimed cardinality bounds because L has at most κ many positive bounded formulas.

For each s ∈ S we now let N^{(s)} be the closure of N^{(s)}_0 in M^{(s)}. By considering atomic formulas in the closure condition above, one shows that there is a closed substructure N of M that is based on (N^{(s)} | s ∈ S). Using the Perturbation Lemma (Proposition 5.15) one uses the closure condition above to show that N ⊆ M satisfy the Tarski-Vaught test (Proposition 6.6) and hence that N ⪯_A M.

9.14 Proposition (Upward Löwenheim-Skolem Theorem). Let M be a normed space L-structure based on (M^{(s)} | s ∈ S). Suppose that κ is a cardinal number such that κ ≥ card(L) and κ ≥ density(M^{(s)}) for every s ∈ S. Then there exists an approximate elementary extension N of M such that every infinite dimensional sort of N has density character equal to κ; N may be taken to be a Banach space structure.

Proof. Let S_1 be the set of s ∈ S such that M^{(s)} is infinite dimensional. For each s ∈ S, let M^{(s)}_0 be a dense subset of M^{(s)} of cardinality at most κ. Add to L a set C of new constants of suitable sorts, with the intention of naming the elements of the sets M^{(s)}_0 ; we require card(C) ≤ κ. Let A be an interpretation of C in M such that for each s ∈ S, every element of M^{(s)}_0 is of the form A(c) for some c ∈ C of sort s. Extend the signature further by adding for each s ∈ S_1 a set { c^s_i | i < κ } of new constant symbols of sort s. Let L(C^′) be the resulting extension by constants of L. We consider the following positive bounded theory in L(C^′):

Γ = Th_A( M, A ) ∪ { ‖c^s_i ‖ = 1 | i < κ, s ∈ S_1 } ∪ { ‖c^s_i − c^s_j ‖ = 1 | i < j < κ, s ∈ S_1 }. Every finite subset of Γ^+ is satisfied by some expansion of ( M, A ) to L(C^′). Moreover we can require that the interpretations of the constant symbols c^s_i are all of norm at most 1, so the set of expansions needed can be taken to be uniform. The Compactness Theorem (Proposition 9.5) yields an L(C^′)-structure N such that N |=_A Γ; Replacing N by its completion and using Corollary 6.7 we may take N to be a Banach space structure. By renaming the elements of N if necessary, we may assume that c^N = A(c) for all c ∈ C and that M is in fact a substructure of N. Since Th_A( M, A ) ⊆ Γ it follows that M ⪯_A N.

It remains to consider the density character of the infinite dimensional sorts of N, which may well be larger than κ. Suppose N is based on (N^{(s)} | s ∈ S). Clearly, density(N^{(s)}) ≥ κ, for every s ∈ S_1. Applying Proposition 9.13 we may reduce the density character of the infinite dimensional sorts of N as needed.

9.15 Remark. Suppose M and N are based on (M^{(s)} | s ∈ S) and (N^{(s)} | s ∈ S), respectively, and M ≡_A N. Then, for every nonnegative integer n, M^{(s)} is n-dimensional if and only if N^{(s)} is n-dimensional. If M ⊆ N or vice versa, this forces M^{(s)} and N^{(s)} to be equal. (See Corollary 7.2.) Therefore, in passing from M to N in the Löwenheim-Skolem theorems, the finite dimensional sorts necessarily remain unchanged.

Saturated Structures 9.16 Definition. Let Γ(x_1, . . . , x_n) be a set of L-formulas and let M be a normed space L-structure. We say that Γ(x_1, . . . , x_n) is satisfiable in M if there exist elements a_1, . . . , a_n of suitable sorts of M such that M |= Γ[a_1, . . . , a_n]. We say that Γ(x_1, . . . , x_n) is approximately satisfiable in M if there exist elements a_1, . . . , a_n of suitable sorts of M such that M |=_A Γ[a_1, . . . , a_n].

Note that Γ is approximately satisfiable in M if and only if Γ^+ is satisfiable in M.

9.17 Definition. Let M be a normed space L-structure and let κ be an infinite cardinal. We say that M is κ-saturated if the following condition holds: whenever C is a set of constants such that card(C) < κ, A is an interpretation of C in M, and Γ(x_1, . . . , x_n) is a set of positive bounded L(C)-formulas containing the formulas ‖x_k‖ ≤ r_k for k = 1, . . . , n (where r_1, . . . , r_n are nonnegative rational numbers), if every finite subset of Γ^+ is satisfiable in (M, A), then the entire set Γ is approximately satisfiable in (M, A).

It is easy to see that without the norm bound formulas it would not generally be possible for saturated structures to exist. (Consider the set of formulas Γ(x) = {n ≤ ‖x‖ | n ∈ N }; every finite subset of Γ is satisfiable in any nontrivial normed space, but Γ itself is certainly not approximately satisfiable in any normed space.)

Given any normed space L-structure M and any infinite cardinal number κ, there exists a κ-saturated N such that M ⪯_A N. We prove this fact at the end of the chapter by a unions-of-chains argument. Also, in Chapter 10 we prove that M has a κ-saturated ultrapower; the proof is a byproduct of proving a difficult theorem about isomorphic ultraproducts.

It is easier to prove the existence of κ-saturated normed space Lstructures in the setting where L is countable and κ = ℵ_1, and we will do that next. Moreover, for many purposes this is the only degree of saturation that one needs for applications.

Recall that an ultrafilter D is said to be countably incomplete if D is not closed under countable intersections. It is equivalent to require the existence of elements J_n of D for each n ∈ N such that the intersection ⋂ n∈N J_n is the empty set. Evidently any non-principal ultrafilter on a countable set is countably incomplete.

9.18 Proposition. Let L be a countable signature and let D be a countably incomplete ultrafilter on a set Λ. Then for every uniform family (M_ξ | ξ ∈ Λ), the ultraproduct ( ∏ ξ∈Λ M_ξ)_D is ℵ_1-saturated.

Proof. In order to simplify the notation, we verify that ( ∏ ξ∈Λ M_ξ)_D satisfies the condition of Definition 9.17 for n = 1 and r_1 = 1.

We have to prove the following statement: if C is a countable set of constant symbols, A is an interpretation of C in ( ∏ ξ∈Λ M_ξ)_D and Γ(x) is a set of positive bounded L(C)-formulas such that every finite subset of { ‖x‖ ≤ 1 } ∪ Γ(x) is approximately satisfiable in ( ( ∏ ξ∈Λ M_ξ)_D, A ), then the entire set { ‖x‖ ≤ 1 } ∪ Γ(x) is approximately satisfied in ( ( ∏ ξ∈Λ M_ξ)_D, A ). For each ξ ∈ Λ let A_ξ be an interpretation of C in M_ξ such that

A(c) = ( (A_ξ(c))_{ξ∈Λ} )_D, for every c ∈ C.

Note that ( ( ∏ ξ∈Λ M_ξ)_D, A ) = ( ∏ ξ∈Λ (M_ξ, A_ξ) ) D . Thus, since L is an arbitrary countable signature and C is also countable, it suffices to prove the following simpler statement:

If Γ(x) is a set of positive bounded L-formulas and every finite subset of { ‖x‖ ≤ 1 } ∪ Γ(x) is approximately satisfiable in ( ∏ ξ∈Λ M_ξ)_D, then { ‖x‖ ≤ 1 } ∪ Γ(x) is approximately satisfiable in ( ∏ ξ∈Λ M_ξ)_D.

Suppose, then, that every finite subset of { ‖x‖ ≤ 1 } ∪ Γ(x) is approximately satisfiable in ( ∏ ξ∈Λ M_ξ)_D. Since L is countable, we may write Γ(x) = { φ_n(x) | n ∈ N }. Now for every n ∈ N let { φ^k_n | n ∈ N } be a set of approximations of φ_n such that

· φ_n < φ^l_n < φ^k_n, if k < l;

· For every approximation ψ of φ_n there exists k ∈ N such that φ_n < φ^k_n < ψ. Since D is countably incomplete, we can fix a descending chain of elements of D Λ = Λ_0 ⊇ Λ_1 ⊇ . . .

such that ⋂ k∈N Λ_k = ∅. Let (r_k | k ≥ 1) be a decreasing sequence of real numbers whose limit is 1. Let X_0 = Λ and for each positive integer k define

X_k = Λ_k ∩ { ξ ∈ Λ | M_ξ |= ∃_{rk} x ( φ^k_1 (x) ∧ . . . ∧ φ^k(x) ) } . Then X_k ∈ D by Proposition 9.2. We have X_k ⊇ X_{k+1} for every k ∈ N and ⋂ k∈N X_k = ∅, so for each ξ ∈ Λ there exists a largest positive integer k(ξ) such that ξ ∈ X_{k(ξ)}.

Suppose that x is a variable of sort s. We now define an element a ∈ ℓ_∞(Λ, (M^{(s)}_ξ | ξ ∈ Λ)) such that ( ∏ ξ∈Λ M_ξ ) D |=_A ‖(a)_D‖ ≤ 1, ( ∏ ξ∈Λ M_ξ ) D |=_A Γ[(a)_D].

For ξ ∈ Λ, if k(ξ) = 0, let a(ξ) = 0_M (s)_ξ ; otherwise, let a(ξ) be such that M_ξ |= ‖a(ξ)‖ ≤ 1 ∧ (φ^{k(ξ)}_1 ∧ · · · ∧ φ^{k(ξ)}_{k(ξ)})[a(ξ)]. If k ∈ N and ξ ∈ X_k, we have k ≤ k(ξ), so M_ξ |= φ^{k(ξ)}_k [a(ξ)]. It follows from Proposition 9.2 that ( ∏ ξ∈Λ M_ξ)_D |=_A Γ[(a)_D].

9.19 Remark. Note that the ultrafilters constructed in the proofs of Propositions 9.5 and 9.9 are both countably incomplete. Hence, by

Proposition 9.18, the ultrapowers constructed in those proofs are both ℵ_1-saturated.

Now we give some applications of the existence of saturated normed space structures.

9.20 Proposition. Let M be an L-structure and φ(x_1, . . . , x_n) a positive bounded L-formula. If M is ℵ_1-saturated, then for any elements a_1, . . . , a_n of suitable sorts of M, we have

M |=_A φ[a_1, . . . , a_n] if and only if M |= φ[a_1, . . . , a_n].

Proof. By induction on the complexity of φ. The ℵ_1-saturation is used to handle the case when φ begins with a bounded quantifier.

9.21 Proposition. Every ℵ_1-saturated normed space structure is complete.

Proof. Suppose that M is an ℵ_1-saturated L-structure and that (a_n) is a Cauchy sequence in a sort M^{(s)} of M. Without loss of generality, assume ‖a_n‖ ≤ 1 for every index n. For each positive ϵ choose a positive integer N = N(ϵ) such that m, n ≥ N implies ‖a_m − a_n‖ ≤ ϵ. Let C = { c_n | n ∈ N } be a set of new constant symbols of sort s and define a set Γ(x) of L(C)-formulas as follows. Γ(x) = { ‖x‖ ≤ 1 } ∪ { ‖x − c_n‖ ≤ ϵ | n ≥ N(ϵ), ϵ > 0 }. Define an interpretation A of C in M by letting A(c_n) = a_n. Every finite subset of Γ is approximately satisfiable in (M, A), so by the ℵ_1- saturation of M, the set Γ is approximately satisfiable in (M, A). If a is the element of M^{(s)} that approximately satisfies Γ(x), it is clear that (a_n) converges to a.

9.22 Proposition (Compactness Theorem, Second Version). Let C be a uniform class of normed space L-structures, and suppose that Γ is a set of positive bounded L-sentences such that for each finite subset Σ of Γ^+ there exists a structure in C which satisfies Σ. Then there exists an ultraproduct of structures from C which satisfies (not just approximately satisfies) the entire set Γ.

Proof. The ultrafilter D used in the proof of Proposition 9.5 is countably incomplete; use Propositions 9.18 and 9.20.

Existence of Saturated Structures In the following definition we borrow a term from nonstandard analysis. (See [HL85].)

9.23 Definition. Let M, N be normed space L-structures with M ⪯_A N. We say that N is an enlargement of M if the following condition holds: whenever C is a set of constants and A is an interpretation of C in M, and Γ(x_1, . . . , x_n) is a set of positive bounded L(C)-formulas containing the formulas ‖x_k‖ ≤ r_k for k = 1, . . . , n (where r_1, . . . , r_n are nonnegative rational numbers), if every finite subset of Γ^+ is satisfiable in (M, A), then the entire set Γ is approximately satisfiable in (N, A).

Suppose κ is a cardinal such that card(L) ≤ κ and card(M^{(s)}) ≤ κ for every sort s of L. Note that in Definition 9.23 it suffices only to consider sets of constants C with card(C) ≤ κ.

It is easy to construct ultrapower enlargements of a given normed space structure, as the following argument shows.

9.24 Lemma. Let M be a normed space L-structure, and let κ be an infinite cardinal such that card(L) ≤ κ and card(M^{(s)}) ≤ κ for every sort s of L. Let I be the collection of finite subsets of κ. There is a countably incomplete ultrafilter D on I such that (M)_D is an enlargement of M.

Proof. For each ordinal α < κ, let S_α = {i ∈ I | α ∈ i}. Note that the family {S_α | α < κ} has the finite intersection property, so it is contained in an ultrafilter D on I. (Every such D is countably incomplete.) We will show that (M)_D is an enlargement of M.

Let C be a set of new constants with card(C) ≤ κ, and suppose A is an interpretation of C in M. Further, let Γ(x_1, . . . , x_n) be a set of positive bounded L(C)-formulas containing the formulas ‖x_k‖ ≤ r_k for k = 1, . . . , n (where r_1, . . . , r_n are nonnegative rational numbers) such that every finite subset of Γ^+ is satisfiable in (M, A). We must show that Γ is approximately satisfiable in ((M)_D, A). Our assumptions on L, C, κ ensure that there is a surjection from κ onto Γ^+; let the value of this surjection at α < κ be φ_α. We define functions a_1, . . . , a_n from I into suitable sorts of M such that for each i ∈ I the n-tuple (a_1(i), . . . , a_n(i)) satisfies the formulas φ_α(x_1, . . . , x_n) in (M, A) for each α ∈ i and satisfies the norm bounds ‖a_j (i)‖ ≤ r_j + 1 for j = 1, . . . , n. Using Proposition 9.2 it follows that ((a_1)_D, . . . , (a_n)_D) satisfies Γ^+(x_1, . . . , x_n) in ((M)_D, A).

9.25 Proposition. Let M be a normed space L-structure. For every infinite cardinal κ, M has a κ-saturated approximate elementary extension.

Proof. By increasing κ if necessary (for example, replacing κ by κ^+) we may assume κ is regular. By induction we construct an approximate elementary chain (M_α | α < κ) such that M_0 = M and for each α < κ, M_{α+1} is an enlargement of M_α. (At limit ordinals we take unions.) Let N be the union of the chain (M_α | α < κ). By Corollary 9.12, M ⪯_A N. We claim that N is κ-saturated. Let C be a set of constants such that card(C) < κ and let A be any interpretation of C in N. Since κ is regular, there exists α < κ such that all the values of A are elements of M_α. The elements of N needed to verify Definition 9.17 for (N, A) can be found in M_{α+1}.

Satisfaction and Approximate Satisfaction The results about ℵ_1-saturated structures given earlier in this chapter can be used as the basis for an alternative point of view toward defining |=_A between normed space structures and positive bounded formulas. Take any normed space L-structure M, and consider any ultrapower (M)_D of M with D being a countably incomplete ultrafilter. For example, take D to be any non-principal ultrafilter on a countable index set. The next result shows that approximate satisfaction of positive bounded formulas in M could be defined using ordinary model theoretic satisfaction of those formulas in (M)_D. (In particular, this turns out to be independent of D, as long as D is countably incomplete.)

9.26 Proposition. Let D be any countably incomplete ultrafilter. If M is a normed space L-structure, φ(x_1, . . . , x_n) is a positive bounded formula, and a_1, . . . , a_n are elements of suitable sorts of M, the following conditions are equivalent:

(i) M |=_A φ[a_1, . . . , a_n]; (ii) (M)_D |= φ[a_1, . . . , a_n].

Proof. The implication (ii)⇒(i) is given by Corollary 9.3, and (i)⇒(ii) by Propositions 9.18 and 9.20 (and Corollary 9.3).

10 Isomorphic Ultrapowers

In this chapter we prove isomorphism theorems for ultrapowers and ultraproducts of normed space structures. These results show that there is a very tight connection between (a) properties that are preserved under the ultraproduct construction and (b) properties that are expressible using the logic for normed space structures that is described in this paper.

Let L be a signature and let M and N be two normed space Lstructures. If M and N have isomorphic ultrapowers, by Corollary 9.4 they must be approximately elementarily equivalent. Theorem 10.7 below gives the converse (in a strong form). Together these results show that ultrapower equivalence of M and N is the same as approximate elementary equivalence. (See the discussion of this issue in the Introduction.)

Theorem 10.8 below is a similar result for ultraproducts. Among other things, it shows that the ultrafilter guaranteed by Theorem 10.7 can be chosen in a highly uniform way and that the ultrapowers in question can be taken to be highly saturated. The uniformity will be exploited in Chapter 12 to prove the existence of ultrapowers that are highly homogeneous (in addition to being highly saturated).

The results in this chapter are analogous to the Keisler-Shelah Theorem in ordinary model theory. (See [She71] and Chapter 6 in [CK90].) Moreover, our proof follows a similar line of argument, with adjustments appropriate to the handling of positive bounded formulas and their approximations.

Theorem 10.7 is a special case of Theorem 10.8. We have included both arguments because the proof of Theorem 10.8 is a complicated elaboration of the proof of Theorem 10.7, and because the ultrapower isomorphism result in Theorem 10.7 will be of interest in its own right to many readers.

Combinatorial Lemmas Throughout this section, λ, τ and κ will denote infinite cardinals with λ = 2^κ and μ will denote the least cardinal α such that λ^α > λ. Using basic cardinal arithmetic, one can verify that κ < μ ≤ λ and μ is a regular cardinal.

10.1 Definition. Let F be a set of functions from λ into μ and let D be a proper filter on λ. We say that the pair (F, D) is τ-consistent if the following two conditions hold:

(1) D is generated by a subset of cardinality at most τ (i.e., there exists a subset E of D of cardinality at most τ such that E is closed under finite intersections and every element of D is a superset of some element of E).

(2) Whenever we are given

· a cardinal β < μ, · a family (f_i | i < β) of distinct elements of F , and · a family (σ_i | i < β) of ordinals less than μ, then D together with {ξ < λ | f_i(ξ) = σ_i, for every i < β} generate a proper filter on λ (i.e., when this set is added to D, the resulting family still has the finite intersection property).

10.2 Remarks.

(1) If (F, D) is τ-consistent, τ ≤ τ^′, and F^′ ⊆ F , then (F^′, D) is τ^′- consistent.

(2) Suppose that (τ_i | i < δ) is an increasing family of infinite cardinals such that sup_i τ_i = τ. Suppose also that (F_i, D_i) is τ_i-consistent for all i < δ and that F_j ⊇ F_i and D_j ⊆ D_i for j < i < δ. Then the pair ( ⋂ i F_i, ⋃ i D_i ) is τ-consistent.

10.3 Remark. The pair (F, D) is τ-consistent in the sense of Definition 10.1 if and only if the triple (F, ∅, D) is τ-consistent as defined in [She71]; see also page 394 in [CK90].

10.4 Lemma. There is a set F of functions from λ into μ such that card(F ) = 2^λ and (F, {λ}) is μ-consistent.

Proof. See Lemma 1 of [She71] (or Lemma 6.1.10 in [CK90]).

10.5 Lemma. Suppose that τ ≥ μ, (F, D) is τ-consistent and (X_i | i < τ) is a family of subsets of λ. Then there exist F^′ ⊆ F and D^′ ⊇ D such that card(F \ F^′) ≤ τ, (F^′, D^′) is τ-consistent, and for every i < τ, either X_i ∈ D^′ or λ \ X_i ∈ D^′.

Proof. See Lemma 4(B) of [She71] (or Lemma 6.1.13(ii) of [CK90]).

10.6 Lemma. Suppose that the following conditions hold:

· L is a signature and x is a variable in L of sort s, · M is a normed space L-structure, · M is a dense subset of the sort of M indexed by s and card(M) < μ, · (F, D) is τ-consistent, · (φ_i(x, y_{i,1}, . . . , y_{i,n(i)}) | i < τ) is a family of positive bounded formulas that is closed under conjunctions, and · for each i < τ, ā_i is a function on λ such that for all ξ < λ, ā_i(ξ) = (a_{i,1}(ξ), . . . , a_{i,n(i)}(ξ)), where a_{i,1}(ξ), . . . , a_{i,n(i)}(ξ) are elements of suitable sorts of M, and { ξ < λ | M |= ∃xφ_i(x, y_{i,1}, . . . , y_{i,n(i)})[a_{i,1}(ξ), . . . , a_{i,n(i)}(ξ)] } ∈ D. Then, there exist F^′ ⊆ F and D^′ ⊇ D such that card(F \ F^′) ≤ τ and (F^′, D^′) is τ-consistent, and there is a function b: λ → M such that for every i < τ and every approximation φ^′_i of φ_i { ξ < λ | M |= φ^′_i[b(ξ), a_{i,1}(ξ), . . . , a_{i,n(i)}(ξ)] } ∈ D^′. Proof. Similar to Lemma 5 of [She71] (or Lemma 6.1.14 of [CK90]). The Perturbation Lemma (Proposition 5.15) is used to ensure that the values of the function b come from the dense set M. Note that each positive bounded formula has only countably many approximations.

The Ultrapower Theorem 10.7 Theorem. Let L be a signature and suppose M and N are normed space L-structures which satisfy M ≡_A N. Then there exists an ultrafilter D such that (M)_D ∼= (N)_D.

Proof. Note that this result is the converse of Corollary 9.4.

Let κ be an infinite cardinal number such that the density character of each sort of M and N is at most κ and such that card(L) ≤ 2^κ.

In order to simplify notation, in the proof of Theorem 10.7 we will assume that M and N each have only one sort (in addition to the special sort R ) and for each structure we will refer to this sort as the universe.

Let M, N be dense subsets of the universes of M, N respectively such that card(M), card(N) are both ≤ κ.

Let λ = 2^κ and let μ be the least cardinal α such that λ^μ > λ. Note that κ < μ ≤ λ and μ is regular. We use an inductive construction to find simultaneously an ultrafilter D on λ and an isomorphism between (M)_D and (N)_D.

Consider a family a = (a(ξ) | ξ < λ) of elements of M; we say that the family is bounded if the norms (‖a(ξ)‖ | ξ < λ) are uniformly bounded. We let ℓ_∞(λ, M) denote the set of all such bounded families from M and define ‖a‖_∞ to be the supremum of all ‖a(ξ)‖ for ξ < λ. We make a similar definition for N in place of M. Note that the cardinalities of ℓ_∞(λ, M) and ℓ_∞(λ, N) are at most 2^λ. We fix listings of the elements of ℓ_∞(λ, M) and ℓ_∞(λ, N) indexed over the ordinals < 2^λ.

We use Lemma 10.4 to fix a set F_0 of functions from λ into μ such that card(F_0) = 2^λ and (F_0, {λ}) is μ-consistent (and hence it is λconsistent). Let D_0 = {λ}. Let (S_j | j < 2^λ) be a list of all the subsets of λ.

By induction on all ordinals i < 2^λ, we construct

· a decreasing family (F_i | i < 2^λ) of sets of functions from λ into μ, · an increasing family (D_i | i < 2^λ) of proper filters on λ, and · families (a_i | i < 2^λ) and (b_i | i < 2^λ) in ℓ_∞(λ, M) and ℓ_∞(λ, N), respectively,

such that the following conditions hold for all i < 2^λ.

(1)(a) card(F_0 \ F_i) ≤ λ + card(i) (and therefore card(F_i) = 2^λ);

(b) (F_i, D_i) is (λ + card(i))-consistent. (2) If i = j + 1, then either S_j ∈ D_i or λ \ S_j ∈ D_i.

(3) If i = j + 1 and j is an even ordinal, then there exists a filter D^′_j on λ such that D_j ⊆ D^′_j ⊆ D_i, and for every positive bounded L-formula φ(x, x_1, . . . , x_n) and every choice of j_1, . . . , j_n < j:

(a) either the set { ξ < λ | M |= φ[a_j (ξ), a_{j1} (ξ), . . . , a_{jn} (ξ)] } or its complement is in D^′_j ;

(b) for every ψ > φ, { ξ < λ | M |= φ[a_j (ξ), a_{j1} (ξ), . . . , a_{jn} (ξ)] } ∈ D^′_j implies { ξ < λ | N |= ψ[b_j (ξ), b_{j1} (ξ), . . . , b_{jn} (ξ)] } ∈ D_i. (4) If i = j + 1 and j is an odd ordinal, then there exists a filter D^′_j on λ such that D_j ⊆ D^′_j ⊆ D_i, and for every positive bounded L-formula φ(x, x_1, . . . , x_n) and every choice of j_1, . . . , j_n < j:

(a) either the set { ξ < λ | N |= φ[b_j (ξ), b_{j1} (ξ), . . . , b_{jn} (ξ)] } or its complement is in D^′_j ;

(b) for every ψ > φ, { ξ < λ | N |= φ[b_j (ξ), b_{j1} (ξ), . . . , b_{jn} (ξ)] } ∈ D^′_j implies { ξ < λ | M |= ψ[a_j (ξ), a_{j1} (ξ), . . . , a_{jn} (ξ)] } ∈ D_i. (5) If i is a limit ordinal, F_i = ⋂ j<i F_j D_i = ⋃ j<i D_j . After this construction is completed, we will let D = ⋃ i<2^λ Di. Condi-

tion (2) ensures that D is an ultrafilter. The inductive construction will be carried out so that the families (a_i | i < 2^λ) and (b_i | i < 2^λ) exhaust ℓ_∞(λ, M) and ℓ_∞(λ, N) respectively. Therefore the family of equivalence classes ((a_i)_D | i < 2^λ) is norm dense in (M)_D and ((b_i)_D | i < 2^λ) is dense in (N)_D.

The desired isomorphism T of (M)_D onto (N)_D is initially defined to take (a_i)_D to (b_i)_D for each i < 2^λ. To show that T has the desired properties, fix φ(x_1, . . . , x_n) and suppose { ξ < λ | M |= φ[a_{j1} (ξ), . . . , a_{jn} (ξ)] } ∈ D, where j_1, . . . , j_n < 2^λ. Let j be the least even ordinal such that j_1, . . . , j_n < j.

By (3)(a) we have { ξ < λ | M |= φ[a_{j1} (ξ), . . . , a_{jn} (ξ)] } ∈ D^′_j , so by (3)(b) for every ψ > φ we have { ξ < λ | N |= ψ[b_{j1} (ξ), . . . , b_{jn} (ξ)] } ∈ D_{j+1} ⊆ D. It follows that T extends to an isomorphism from (M)_D onto (N)_D.

We now describe the construction of (F_i | i < 2^λ), (D_i | i < 2^λ), (a_i | i < 2^λ), and (b_i | i < 2^λ). If i is a limit ordinal, we define F_i and D_i to make clause (5) true and use Remark 10.2(2) to verify clause (1)(b). All other conditions to be satisfied apply to the case where i is a successor ordinal, say i = j + 1. The order in which we define the next elements of our four families is: a_j , b_j and then D_i, F_i.

If j is even, we define a_j to be the first element of ℓ_∞(λ, M) that does not appear in the list (a_l | l < j) and then construct b_j and D_i, F_i in that order; if j is odd we define b_j to be the first element of ℓ_∞(λ, N) that does not appear in the list (b_l | l < j) and then construct a_j and D_i, F_i in that order. Because of the symmetry between these situations, we will discuss only the case when j is even.

For each positive bounded L-formula φ(x, y_1, . . . , y_n) and each finite sequence of ordinals j_1, . . . , j_n < j, let X(φ, j_1, . . . , j_n) = { ξ < λ | M |= φ[a_j (ξ), a_{j1} (ξ), . . . , a_{jn} (ξ)] }. There are at most λ + card(i) such sets X. Hence, since (F_j , D_j ) is (λ + card(i))-consistent, Lemma 10.5 provides F^′_j ⊆ F_j and D^′_j ⊇ D_j such that

· card(F_j \ F^′_j ) ≤ λ + card(i), · (F^′_j , D^′_j ) is (λ + card(i))-consistent, · for every choice of φ(x, y_1, . . . , y_n) and j_1, . . . , j_n < j, X(φ, j_1, . . . , j_n) ∈ D^′_j or λ \ X(φ, j_1, . . . , j_n) ∈ D^′_j , · either S_j ∈ D^′_j or λ \ S_j ∈ D^′_j .

Fix a formula φ(x, y_1, . . . , y_n) and j_1, . . . , j_n < j, and suppose that X(φ, j_1, . . . , j_n) ∈ D^′_j . Let u be a rational number such that u > ‖a_j ‖_∞. Then the set Y (u, φ, j_1, . . . , j_n) is in D^′_j , where Y (u, φ, j_1, . . . , j_n) = { ξ < λ | M |= ∃_ux φ(x, y_1, . . . , y_n)[a_{j1} (ξ), . . . , a_{jn} (ξ)] }.

We claim that for every rational number w > u and every approximation ψ of φ, the set Z(w, ψ, j_1, . . . , j_n) is also in D^′_j , where Z(w, ψ, j_1, . . . , j_n) = { ξ < λ | N |= ∃_wx ψ(x, y_1, . . . , y_n)[b_{j1} (ξ), . . . , b_{jn} (ξ)] }. To see this, suppose Z(w, ψ, j_1, . . . , j_n) /∈ D^′_j . Then let l = max_k j_k, and fix an approximation φ^′ of φ such that φ < φ^′ < ψ and a rational number v such that u < v < w. We have Z(w, ψ, j_1, . . . , j_n) /∈ D_l and hence λ \ Z(w, ψ, j_1, . . . , j_n) ∈ D_l by (4)(a). But then, { ξ < λ | N |= ∀_wx neg(ψ)(x, y_1, . . . , y_n)[b_{j1} (ξ), . . . , b_{jn} (ξ)] } ∈ D_l, so by (4)(b), { ξ < λ | M |= ∀_vx neg(φ^′)(x, y_1, . . . , y_n)[a_{j1} (ξ), . . . , a_{jn} (ξ)] } ∈ D_j ⊆ D^′_j , which contradicts the fact that D^′_j is a proper filter.

There are two situations in which the description above needs to be clarified, at the point where we are showing that Z(w, ψ, j_1, . . . , j_n) /∈ D^′_j and we set l = max_k j_k. When j = 0 we do not have j_1, . . . , j_n and the formulas involved have no free variables; here we use the hypothesis that M ≡_A N and recall that D_0 = {λ}. When j > 0 we may assume n ≥ 1 without loss of generality and the argument proceeds as given.

We now apply Lemma 10.6 to obtain F_i ⊆ F^′_j and D_i ⊇ D^′_j such that card(F^′_j \ F_i) ≤ λ + card(i) and (F_i, D_i) is (λ + card(i))-consistent, and a function b_j : λ → N such that { ξ < λ | N |= ψ[b_j (ξ), b_{j1} (ξ), . . . , b_{jn} (ξ)] } ∈ D_i for every positive bounded formula φ(x, y_1, . . . , y_n) such that X(φ, j_1, . . . , j_n) ∈ D^′_j and every approximation ψ of φ. In particular, we can assume ‖b_j ‖_∞ ≤ ‖a_j ‖_∞, so b_j is bounded.

Conditions (1)–(4) are immediate from the construction.

The Ultraproduct Theorem 10.8 Theorem. Let κ be an infinite cardinal and let λ = 2^κ. Then there exists an ultrafilter D on λ satisfying the following properties: if L is a signature with card(L) ≤ λ and (M_ξ | ξ < λ) and (N_ξ | ξ < λ) are families of normed space L-structures such that the density character of each sort of M_ξ and N_ξ is at most κ for all ξ < λ, then ( ∏ ξ<λ M_ξ)_D ≡_A ( ∏ ξ<λ N_ξ)_D

implies ( ∏ ξ<λ M_ξ)_D ∼= ( ∏ ξ<λ N_ξ)_D.

Moreover, in each such situation the ultraproduct ( ∏ ξ<λ M_ξ)_D is κ^+- saturated.

Proof. Let μ be the smallest cardinal number α such that λ^α > λ, so κ < μ ≤ λ and μ is regular.

To clarify the proof, we have divided it into five parts. Part 1. Some technical simplifications. In order to simplify notation, we will explicitly treat only normed space structures which have only one sort in addition to the special sort R . The calligraphic letters M, N, etc. will be used to denote normed space structures, and the corresponding Roman letters M, N, etc. will denote dense subsets of their respective universes with cardinality at most κ.

Without loss of generality, we fix a signature L of cardinality λ such that every signature of cardinality at most λ occurs as a subsignature of L. We also restrict our attention to structures M whose universe has a dense subset M that is a cardinal ≤ κ and whose universe is a cardinal ≤ λ. Each normed space structure needing to be considered is isomorphic to one satisfying these restrictions. The number of subsignatures of L is 2^λ, and for each such subsignature L_0 and each χ ≤ κ, the number of L_0-structures whose universe is a cardinal ≤ λ that has χ as a dense subset is (λ^χ)^{card(L0)} ≤ λ^λ = 2^λ. Hence the number of normed space structures under consideration is 2^λ.

Part 2. A list of structures, filters, and elements. Let

(G_α | α < 2^λ)

be a list of all the filters on λ which have a set of at most λ generators.

For each α < 2^λ let

( (M^{α,γ}_ξ , N^{α,γ}_ξ )_{ξ<λ} | γ < 2^λ )

be a list of all the families (M^{α,γ}_ξ , N^{α,γ}_ξ )_{ξ<λ} which satisfy the following conditions:

· There exists a subsignature L^α of L such that for every ξ < λ, M^{α,γ}_ξ and N^{α,γ}_ξ are L^α-structures.

· For every ξ < λ the universes of M^{α,γ}_ξ and N^{α,γ}_ξ are cardinals ≤ λ and have dense subsets that are cardinals ≤ κ.

· For every L^α-sentence θ and every θ^′ > θ, either the set { ξ < λ | M^{α,γ}_ξ |= θ^′ } or its complement is in G_α.

· For every L^α-sentence θ and every θ^′ > θ, either the set { ξ < λ | N^{α,γ}_ξ |= θ^′ } or its complement is in G_α.

· For every L^α-sentence θ and every θ^′ > θ,

{ξ < λ | M^{α,γ}_ξ |= θ} ∈ G_α implies {ξ < λ | N^{α,γ}_ξ |= θ^′} ∈ G_α and {ξ < λ | N^{α,γ}_ξ |= θ} ∈ G_α implies {ξ < λ | M^{α,γ}_ξ |= θ^′} ∈ G_α. For each α, γ < 2^λ and ξ < λ we let M^{α,γ}_ξ , N^{α,γ}_ξ denote the cardinals ≤ κ that are dense subsets of the universes of M^{α,γ}_ξ , N^{α,γ}_ξ respectively.

For α, γ < 2^λ, let { a^{α,γ}_ρ | ρ < 2^λ } be the set of bounded elements of ∏ ξ<λ M^{α,γ}_ξ and { b^{α,γ}_ρ | ρ < 2^λ } the set of bounded elements of ∏ ξ<λ N^{α,γ}_ξ . Fix a family C = (c_i | i < 2^λ) of distinct constant symbols which do not occur in L, and for each i < 2^λ let C_i = { c_j | j < i }. Using cardinality considerations, we can fix a function g defined on the set {i | i < 2^λ} satisfying the properties listed below.

(I) For each i < 2^λ, one of the following conditions holds:

(i) g(i) = (0, S), where S is a subset of λ. (ii) g(i) = (1, α, γ, ρ, a^{α,γ}_ρ ), where α, γ, ρ < 2^λ;

(iii) g(i) = (2, α, γ, ρ, b^{α,γ}_ρ ), where α, γ, ρ < 2^λ;

(iv) g(i) = (3, α, γ, K, p, R), where K is a subset of C_i with card(K) ≤ κ, p = p(x) is a set of positive bounded L(K)- formulas which is closed under conjunction, and R is a nonnegative rational number;

(v) g(i) = (4, α, γ, K, p, R), where K is a subset of C_i with card(K) ≤ κ, p = p(x) is a set of positive bounded L(K)- formulas which is closed under conjunction, and R is a nonnegative rational number.

(II) Each of the following elements can be expressed as g(i) for a unique i < 2^λ:

(i) Every pair of the form (0, S), where S is a subset of λ; (ii) Every quintuple of the form (1, α, γ, ρ, a^{α,γ}_ρ ), where α, γ, ρ < 2^λ;

(iii) Every quintuple of the form (2, α, γ, ρ, b^{α,γ}_ρ ), where α, γ, ρ < 2^λ;

(iv) Every sextuple of the form (3, α, γ, K, p, R), where K is a subset of C_i with card(K) ≤ κ, p = p(x) is a set of positive bounded L(K)-formulas which is closed under conjunction, and R is a nonnegative rational number.

(v) Every sextuple of the form (4, α, γ, K, p, R), where K is a subset of C_i with card(K) ≤ κ, p = p(x) is a set of positive bounded L(K)-formulas which is closed under conjunction, and R is a nonnegative rational number.

(III) For fixed α and γ, the cases given by (I)(ii) and (I)(iii) above alternate; more precisely,

(i) If g(i) = (1, α, γ, ρ, a^{α,γ}_ρ ) and

i^∗ = min_{j>i} [ there exists σ < 2^λ such that g(j) = (1, α, γ, σ, a^{α,γ}_σ ) or g(j) = (2, α, γ, σ, b^{α,γ}_σ ) ] , then g(i^∗) = (2, α, γ, σ, b^{α,γ}_σ ) for some σ < 2^λ.

(ii) If g(i) = (2, α, γ, ρ, b^{α,γ}_ρ ) and

i^∗ = min_{j>i} [ there exists σ < 2^λ such that g(j) = (1, α, γ, σ, a^{α,γ}_σ ) or g(j) = (2, α, γ, σ, b^{α,γ}_σ ) ] , then g(i^∗) = (1, α, γ, σ, a^{α,γ}_σ ) for some σ < 2^λ.

Part 3. An inductive construction. The construction is an elaboration of the ideas used in the proof of Theorem 10.7, with which we assume the reader is familiar. First, we use Lemma 10.4 to fix a set F_0 of 2^λ functions from λ into μ such that (F_0, {λ}) is μ-consistent (and hence λ-consistent). Then we let D_0 = {λ}, and for α, γ < 2^λ we let A^{α,γ}_0 and B^{α,γ}_0 be the empty functions.

By induction on all ordinals i < 2^λ, we will now construct:

· a decreasing family (F_i | i < 2^λ) of sets of functions from λ into μ, · an increasing family (D_i | i < 2^λ) of proper filters on λ, · for each choice of α, γ < 2^λ functions A^{α,γ}_i : C_i → ℓ_∞( λ, (M^{α,γ}_ξ | ξ < λ) ), B^{α,γ}_i : C_i → ℓ_∞( λ, (N^{α,γ}_ξ | ξ < λ) ), where A^{α,γ}_i extends A^{α,γ}_j for i > j and B^{α,γ}_i extends B^{α,γ}_j for i > j, such that the following conditions hold:

(1)(a) card(F_0 \ F_i) ≤ λ + card(i),

(b) (F_i, D_i) is (λ + card(i))-consistent.

(2) If i = j + 1 and g(j) = (0, S), then either S ∈ D_i or λ \ S ∈ D_i. (3) If i = j + 1, g(j) = (1, α, γ, ρ, a^{α,γ}_ρ ), and the set D_j ∪ G_α generates a proper filter on λ, then there exist a filter D^′_j with D_j ⊆ D^′_j ⊆ D_i and a bounded element b ∈ ∏ ξ<λ N^{α,γ}_ξ such the functions A^{α,γ}_i ,B^{α,γ}_i are defined by A^{α,γ}_i (c) = { A^{α,γ}_j (c), if c ∈ C_j a^{α,γ}_ρ , if c = c_j , B^{α,γ}_i (c) = { B^{α,γ}_j (c), if c ∈ C_j b, if c = c_j , and the following conditions are satisfied: given a positive bounded formula φ(x, x_1, . . . , x_n) and ordinals j_1, . . . , j_n < j, if A^{α,γ}_j (c_{jk} ) = a_k (k = 1, . . . , n), B^{α,γ}_j (c_{jk} ) = b_k (k = 1, . . . , n), then:

(a) either the set { ξ < λ | | M^{α,γ}_ξ |= φ[a^{α,γ}_ρ (ξ), a1(ξ), . . . , an(ξ)] }

or its complement is in D^′_j ; and (b) for every approximation φ^′ of φ, { ξ < λ | | M^{α,γ}_ξ |= φ[a^{α,γ}_ρ (ξ), a1(ξ), . . . , an(ξ)] } ∈ D^′_j implies { ξ < λ | | Nα,γ_ξ |= φ_′[b(ξ), b_1(ξ), . . . , b_n(ξ)] } ∈ D_i. (4) If i = j + 1, g(j) = (2, α, γ, ρ, b^{α,γ}_ρ ), and the set D_j ∪ G_α generates a proper filter on λ, then there exist a filter D^′_j with D_j ⊆ D^′_j ⊆ D_i and a bounded element a ∈ ∏ ξ<λ M^{α,γ}_ξ such that the functions A^{α,γ}_i ,B^{α,γ}_i are defined by A^{α,γ}_i (c) = { A^{α,γ}_j (c), if c ∈ C_j a, if c = c_j , B^{α,γ}_i (c) = { B^{α,γ}_j (c), if c ∈ C_j b^{α,γ}_ρ , if c = c_j , and the following conditions are satisfied: given a positive bounded formula φ(x, x_1, . . . , x_n) and ordinals j_1, . . . , j_n < j, if A^{α,γ}_j (c_{jk} ) = a_k (k = 1, . . . , n), B^{α,γ}_j (c_{jk} ) = b_k (k = 1, . . . , n), then:

(a) either the set { ξ < λ | | | N^{α,γ}_ξ |= φ[b^{α,γ}_ρ (ξ), b1(ξ), . . . , bn(ξ)] }

or its complement is in D^′_j ; and (b) for every approximation φ^′ of φ, { ξ < λ | | N^{α,γ}_ξ |= φ[b^{α,γ}_ρ (ξ), b1(ξ), . . . , bn(ξ)] } ∈ D^′_j implies { ξ < λ | | M^{α,γ}_ξ |= φ^′[a(ξ), a1(ξ), . . . , an(ξ)] } ∈ D_i. (5) If i = j + 1, g(j) = (3, α, γ, K, p, R), K ⊆ dom(A^{α,γ}_j ), and for every finite subset p_0(x) of (p(x))^+ we have { ξ < λ | | (M^{α,γ}_ξ , A^{α,γ}_j (c)(ξ) | c ∈ K) |= ∃Rx ⋀ p_0(x) } ∈ D_j , then there exists a bounded element a of ∏ ξ<λ M^{α,γ}_ξ such that { ξ < λ | | (M^{α,γ}_ξ , A^{α,γ}_j (c)(ξ) | c ∈ K) |= p[a] } ∈ D_i. (6) If i = j + 1, g(j) = (4, α, γ, K, p, R), K ⊆ dom(B^{α,γ}_j ), and for every finite subset p_0(x) of (p(x))^+ we have { ξ < λ | | (N^{α,γ}_ξ , B^{α,γ}_j (c)(ξ) | c ∈ K) |= ∃Rx ⋀ p_0(x) } ∈ D_j , then there exists a bounded element b of ∏ ξ<λ N^{α,γ}_ξ such that { ξ < λ | | (N^{α,γ}_ξ , B^{α,γ}_j (c)(ξ) | c ∈ K) |= p[b] } ∈ D_i. (7) If i is a limit ordinal, then

· F_i = ⋂ j<i F_j , · D_i = ⋃ j<i D_j , · A^{α,γ}_i = ⋃ j<i A^{α,γ}_j , · B^{α,γ}_i = ⋃ j<i B^{α,γ}_j .

Part 4. Description of the inductive construction. As in the proof of Theorem 10.7, the case that requires special attention is the successor case, i = j + 1.

If g(j) = (0, S), we use Lemma 10.5 to find F_i and D_i as stated in (2), and define

A^{α,γ}_i (c) = { A^{α,γ}_j (c), if c ∈ C_j 0, if c = c_j , B^{α,γ}_i (c) = { B^{α,γ}_j (c), if c ∈ C_j 0, if c = c_j .

If g(j) = (1, α, γ, ρ, a^{α,γ}_ρ ) and the set D_j ∪ G_α generates a proper filter on λ, we define A^{α,γ}_i and B^{α,γ}_i as given in (3) and proceed as in the proof of Theorem 10.7 to find F_i and D_i as stated in (3).

If g(j) = (2, α, γ, ρ, b^{α,γ}_ρ ) and the set D_j ∪ G_α generates a proper filter on λ, we define A^{α,γ}_i and B^{α,γ}_i as given in (4) and proceed as in the proof of Theorem 10.7 to find F_i and D_i as stated in (4).

If i = j + 1, g(j) = (3, α, γ, K, p, R), K ⊆ dom(A^{α,γ}_j ), and for every finite subset p_0(x) of (p(x))^+ we have { ξ < λ | | (Mα,γ_ξ , Aα,γ_j (c)(ξ) | c ∈ K) |= ∃_Rx ⋀ p_0(x) } ∈ D_j , we use Lemma 10.6 to find F_i and D_i as stated in (5), and let A^{α,γ}_i , B^{α,γ}_i be as when g(j) = (0, S).

If i = j + 1, g(j) = (4, α, γ, K, p, R), K ⊆ dom(B^{α,γ}_j ), and for every finite subset p_0(x) of (p(x))^+ we have { ξ < λ | | (N^{α,γ}_ξ , B^{α,γ}_j (c)(ξ) | c ∈ K) |= ∃Rx ⋀ p_0(x) } ∈ D_j , we use Lemma 10.6 to find F_i and D_i as stated in (6), and let A^{α,γ}_i , B^{α,γ}_i be as when g(j) = (0, S).

If i = j + 1 and g(j) is not of any of the preceding forms, we simply let F_i = F_j , D_i = D_j , and let A^{α,γ}_i , B^{α,γ}_i be as when g(j) = (0, S).

Part 5. How the construction yields the theorem. Let D = ⋃ i<2^λ D_i. By (2), D is an ultrafilter.

Suppose that L_0 is a subsignature of L and

(M_ξ | ξ < λ), (N_ξ | ξ < λ) are families of normed space L_0-structures such that the density character of each sort of M_ξ and N_ξ is at most κ for all ξ < λ; suppose further that ( ∏ ξ<λ M_ξ ) D ≡_A ( ∏ ξ<λ N_ξ ) D .

Claim 1. There exist α, γ < 2^λ such that for all ξ < λ, M_ξ ∼= M^{α,γ}_ξ , N_ξ ∼= N^{α,γ}_ξ .

Proof of Claim 1. For each L_0-sentence θ, let X(θ) = { ξ < λ | M_ξ |= θ }, Y (θ) = { ξ < λ | N_ξ |= θ }, and let G be the filter generated by the sets

X(θ^′) and Y (θ^′), where θ^′ > θ ∈ Th_A (( ∏ ξ<λ M_ξ ) D ) . Note that G ⊆ D. Moreover, G is generated by at most λ sets, so G = G_α for some α < 2^λ. Further, for every L_0-sentence θ and every approximation θ^′ of θ we have {ξ < λ | M_ξ |= θ} ∈ G implies {ξ < λ | N_ξ |= θ^′} ∈ G and {ξ < λ | N_ξ |= θ} ∈ G implies {ξ < λ | M_ξ |= θ^′} ∈ G, so Claim 1 follows.

Fix α and γ as given by Claim 1, and let A^{α,γ} = ⋃ i<2^λ A^{α,γ}_i , A^{α,γ} = ⋃ i<2^λ B^{α,γ}_i , C = ⋃ i<2^λ C_i. By (3) and (4) (and property (II) of the function g), every bounded element of ∏ ξ<λ M^{α,γ}_ξ is of the form A^{α,γ} (c) for some c ∈ C and every bounded element of ∏ ξ<λ N^{α,γ}_ξ is of the form B^{α,γ} (c) for some c ∈ C.

Claim 2. Every element of ( ∏ ξ<λ M^{α,γ}_ξ )_D is of the form (a)_D for some bounded element a of ∏ ξ<λ M^{α,γ}_ξ .

Proof of Claim 2. The set of equivalence classes of the form (a)_D, where a is a bounded element of ∏ ξ<λ M^{α,γ}_ξ , is dense in ( ∏ ξ<λ M^{α,γ}_ξ )_D, so we may use condition (5) to argue as in the proof of Proposition 9.21.

Claim 3. Every element of ( ∏ ξ<λ N^{α,γ}_ξ )_D is of the form (b)_D for some bounded element b of ∏ ξ<λ N^{α,γ}_ξ . Proof of Claim 3. Similar to the proof of Claim 2, but using condition (6) in place of condition (5).

Claim 4. The structure ( ∏ ξ<λ M^{α,γ}_ξ )_D is κ^+-saturated; hence so is ( ∏ ξ<λ M_ξ)_D.

Proof of Claim 4. By Claim 2 and condition (5).

Claim 5. If φ(x_1, . . . , x_n) is a positive bounded L_0-formula, a_1, . . . , a_n ∈ ℓ_∞( λ, (M^{α,γ}_ξ | ξ < λ) ), b_1, . . . , b_n ∈ ℓ_∞( λ, (N^{α,γ}_ξ | ξ < λ) ), and c_1, . . . , c_n ∈ C are such that A^{α,γ} (c_k) = a_k (k = 1, . . . , n), B^{α,γ} (c_k) = b_k (k = 1, . . . , n), then { ξ < λ | | | M^{α,γ}_ξ |= φ[a1(ξ), . . . , an(ξ)] } ∈ D implies { ξ < λ | | N^{α,γ}_ξ |= φ^′[b1(ξ), . . . , bn(ξ)] } ∈ D for every φ^′ > φ.

Proof of Claim 5. Suppose { ξ < λ | | Mα,γ_ξ |= φ[a_1(ξ), . . . , a_n(ξ)] } ∈ D. Let i be the least ordinal such that g(i) = (1, . . . ) and a_1, . . . , a_n are in the range of A^{α,γ}_i . Let j be such that i = j+1. The set D_j ∪G_α generates a proper filter on λ since G_α = G ⊆ D. Hence, by condition (3)(a), { ξ < λ | | | M^{α,γ}_ξ |= φ[a1(ξ), . . . , an(ξ)] } ∈ D^′_j , and by (3)(b), { ξ < λ | | Nα,γ_ξ |= φ_′[b_1(ξ), . . . , b_n(ξ)] } ∈ D_i ⊆ D for every φ^′ > φ.

By Claims 2, 3, and 5, ( ∏ ξ<λ M^{α,γ}_ξ )_D ∼= ( ∏ ξ<λ N^{α,γ}_ξ )_D

and therefore ( ∏ ξ<λ M_ξ)_D ∼= ( ∏ ξ<λ N_ξ)_D.

by Claim 1.

10.9 Remark. An important case of Theorems 10.7 and 10.8 and their consequences is when κ = ℵ_0. In this case card(L) ≤ 2^{ℵ0} and we are considering normed space L-structures M such that every sort of M is separable. In this situation, the ultrafilter D in Theorems 10.7 and 10.8 lives on an index set of cardinality equal to the continuum c = 2^{ℵ0} . In the ultrapowers and ultraproducts considered in these results, each sort has density character at most 2^c.

10.10 Remark. For Banach spaces and Banach lattices (but not for normed space structures in general) Theorem 10.7 was first proved in [Hen75] (see especially Theorem 4) and was further treated in [Hen76] (see Theorem 1.13). See also [HM83a] where several characterizations of ≡_A for Banach spaces are discussed. Those proofs applied the Keisler- Shelah Theorem together with Lyndon’s Theorem from ordinary model theory to give an indirect proof of the Banach space result, rather than constructing a direct proof as is done here. Stern [Ste78] (see also [Ste75]) applied the Keisler-Shelah Theorem in a similar way to prove that if X is a Banach space and U, V are ultrafilters, then there exists an ultrafilter D such that ((X)_U )_D and ((X)_V )_D are isometrically isomorphic. This is, of course, a special case of Theorem 10.7. Shelah’s full result for ultraproducts, and its analogue Theorem 10.8 for normed spaced structures, are closely connected to the Isomorphism Properties [Hen74] [HM83b] used in nonstandard analysis. Another characterization of ≡_A can be given in terms of Ehrenfeucht-Fraissé Games. Discussions of this topic in the restricted setting of pure Banach spaces can be found in [HM83a], [HM83b], and [HH86]. For a general signature L, the results and proofs are essentially the same as the ones given in those papers.

11 Alternative Formulations of the Theory

It is possible to handle the role of the scalar field R in a number of different ways, without changing the overall expressive power of this logic. For example, we might have included constant symbols in every signature for all the real numbers, as opposed to only the rationals. (We chose to do the latter in order to avoid artificially increasing the cardinality of signatures, since this has an effect on such results as the Downward Löwenheim-Skolem Theorem (Proposition 9.13)).

Using the isomorphism theorem for ultrapowers (Theorem 10.7) we can show that adding all the reals as constants does not change approximate elementary equivalence of normed space structures, although it does increase the set of positive bounded formulas. (The Perturbation Lemma (Proposition 5.15) can also be used to prove this.)

11.1 Proposition. Let L be a signature and let C = {c_r | r ∈ R } be a new set of constant symbols in 1-1 correspondence with R ; for each r ∈ R the constant symbol c_r has the sort s_R . For each normed space Lstructure M let M^′ be the L(C)-structure that expands M and interprets c_r as r for each r ∈ R . Then, for any L-structures M and N,

M ≡_A N if and only if M^′ ≡_A N^′. and M ⪯_A N if and only if M^′ ⪯_A N^′.

Proof. Since M is a reduct of M^′ for each normed space L-structure M, the right to left directions of these equivalences are immediate. We prove the left to right implications using the isomorphism theorem for ultrapowers. Let M, N be L-structures such that M ≡_A N. Take κ to be a cardinal number greater than the density character of each sort

Alternative Formulations 73

of M and of N, and such that card(L) ≤ κ. By Theorem 10.7 there is an ultrafilter D on λ = 2^κ such that (M)_D ∼= (N)_D. It follows that ((M)_D)^′ ∼= ((N)_D)^′. One easily sees that (M^′)_D ∼= ((M)_D)^′ and the same for N. Therefore (M^′)_D ∼= (N^′)_D. By Corollary 9.4 it follows that M^′ ≡_A N^′.

The second implication follows from the first when it is applied to an expansion by constants of M in which every element of M is given a name.

Note that a similar argument shows that if we add every continuous function f : R^n → R to a normed space structure M, then the positive bounded theory of the new structure is determined by Th_A(M); we would make this precise using the same language as in Proposition 11.1. This can sometimes be useful when characterizing properties of normed space structures explicitly by positive bounded sentences.

Similar considerations show that it does not change the expressive power of this logic to completely omit the real sort, as long as this is done carefully. To illustrate what is involved here, we consider only the example of Banach spaces with no additional structure. Let L_0 be the signature for such structures. (See Chapter 7.) We call an L_0- formula restricted if it does not contain any variables or constant symbols whose sort is s_R , and if the only function symbols it contains are the norm and the 0 and + of the normed space sort. Up to equivalence in every normed space L_0-structure, the restricted atomic formulas are ‖k_1x_1 + · · · + k_nx_n‖ ≤ r and r ≤ ‖k_1x_1 + · · · + k_nx_n‖, where k_1, . . . , k_n are integers, r is a rational number, and x_1, . . . , x_n are variables of the normed space sort. Restricted formulas in general are constructed from restricted atomic formulas using ∧, ∨ and bounded quantifiers ∃_rx, ∀_rx where r is a positive rational number and x is a variable of the normed space sort. Note that the weak negation and every approximation of a restricted L_0-formula are restricted.

The following result shows that the overall expressive power of restricted formulas is the same as that of the full class of positive bounded L_0-formulas.

11.2 Proposition. Let X, Y be normed spaces, considered as normed space L_0-structures.

(i) Suppose that for every restricted L_0-sentence σ,

X |=_A σ if and only if Y |=_A σ.

Then X ≡_A Y .

(ii) Assume X ⊆ Y . Suppose that for every a_1, . . . , a_n ∈ X and every restricted L_0-formula φ(x_1, . . . , x_n),

X |=_A φ[a_1, . . . , a_n] if and only if Y |=_A φ[a_1, . . . , a_n].

Then X ⪯_A Y .

Proof. We prove (i); (ii) is proved similarly. Assume that X, Y satisfy the hypotheses of (i). We indicate how the proof of Theorem 10.7 can be modified to prove that there is an ultrafilter D such that (X)_D ∼= (Y )_D. From this it follows that X ≡_A Y , as desired, using Corollary 9.4.

Take κ to bound the cardinalities of X and Y , and then construct an ultrafilter D on λ = 2^κ as in the proof of Theorem 10.7. The modification of the proof consists of replacing every reference to positive bounded formula in the inductive construction by restricted positive bounded formula. At the end of the construction one has a mapping T : ℓ_∞(λ, X) → ℓ_∞(λ, Y ) such that for every restricted positive bounded L_0-formula φ(x_1, . . . , x_n), every approximation φ^′ of φ, and every a_1, . . . , a_n ∈ ℓ_∞(λ, X), {ξ < λ | X |= φ[a_1(ξ), . . . , a_n(ξ)]} ∈ D implies {ξ < λ | Y |= φ^′[T (a_1)(ξ), . . . , T (a_n)(ξ)]} ∈ D. Using the expressive power of restricted atomic formulas, it follows immediately that T induces an isomorphism between (X)_D and (Y )_D as L_0-structures.

The previous argument can be applied in a much more general setting, and this is only a limited example of how one can vary the handing of the scalar sort without changing the overall expressive power of the logic.

We note that restricted L_0-formulas are (up to equivalence in all normed space L_0-structures) among the positive bounded formulas for the normed space setting that were considered in earlier papers such as [Hen76] [HM83b] [HH86]. Moreover, the concept of approximate satisfaction considered in those papers is easily seen to be equivalent to the one used here. From Proposition 11.2 it follows that the equivalence relation ≡_A for the signature L_0 that is treated in this paper is the same as the one considered in those earlier papers (which only considered Banach spaces without additional structure).

12 Homogeneous Structures

12.1 Definition. Let M be a normed space L-structure and let κ be an infinite cardinal. We say that M is strongly κ-homogeneous if the following condition holds: whenever L(C) is an extension of L by constants with card(C) < κ and A, B are interpretations of C in M such that

(M, A) ≡_A (M, B)

one has (M, A) ∼= (M, B).

Note that an isomorphism from (M, A) onto (M, B) is an automorphism of M that takes A(c) to B(c) for each c ∈ C.

12.2 Proposition. Let κ be an infinite cardinal number and let λ = 2^κ. Then the ultrafilter D on λ given by Theorem 10.8 satisfies the following property: Whenever we are given

· a signature L with card(L) ≤ λ, and · a family of normed space L-structures (M_ξ | ξ < λ) such that the density character of each sort of M_ξ is at most κ for every ξ < λ,

then the ultraproduct ( ∏ ξ<λ M_ξ)_D is always κ^+-saturated and strongly λ^+-homogeneous.

Before proving Proposition 12.2, we note the following important corollary:

12.3 Corollary. Let κ be an infinite cardinal number and let λ = 2^κ. Then there exists an ultrafilter D on λ satisfying the following property: whenever M is an L-structure such that card(L) ≤ λ and the density character of each sort of M is at most κ, the ultrapower (M)_D is κ^+- saturated and strongly λ^+-homogeneous.

Proof. By Propositions 6.7 and 12.2.

Proof of Proposition 12.2. The κ^+-saturation of ( ∏ ξ<λ M_ξ)_D is given by the last part of Theorem 10.8. We now prove that ( ∏ ξ<λ M_ξ)_D is strongly λ^+-homogeneous. To this end, fix an extension by constants L(C) of L with card(C) ≤ λ. Note that card(L(C)) ≤ λ.

Suppose that A is any interpretation of C in ( ∏ ξ<λ M_ξ)_D. The key observation for this proof is that there exist interpretations A_ξ of C in M_ξ for each ξ < λ such that A(c) = ( (A_ξ(c))_{ξ<λ} )_D for every c ∈ C and hence that ( ( ∏ ξ<λ M_ξ ) D, A ) = ( ∏ ξ<λ (M_ξ, A_ξ) ) D . Suppose that A, B are interpretations of C in ( ∏ ξ<λ M_ξ)_D such that ( ( ∏ ξ<λ M_ξ ) D, A ) ≡_A ( ( ∏ ξ<λ M_ξ ) D, B ) . Apply the previous remark to A and B, obtaining A_ξ and B_ξ for each ξ < λ such that ( ( ∏ ξ<λ M_ξ ) D, A ) = ( ∏ ξ<λ (M_ξ, A_ξ) ) D and ( ( ∏ ξ<λ M_ξ ) D, B ) = ( ∏ ξ<λ (M_ξ, B_ξ) ) D . From this it follows that ( ∏ ξ<λ (M_ξ, A_ξ) ) D ≡_A ( ∏ ξ<λ (M_ξ, B_ξ) ) D . Therefore, ( ( ∏ ξ<λ M_ξ ) D, A ) ∼= ( ( ∏ ξ<λ M_ξ ) D, B )

by Theorem 10.8 and the equations above.

12.4 Remark. A technically easier proof that κ-saturated, strongly κ-homogeneous approximate elementary extensions exist can be given using the existence of highly saturated extensions and a union-of-chains argument, as we now outline. We may assume κ is regular, increasing κ if necessary. Given any normed space L-structure M, we construct an approximate elementary chain (M_α | α < κ) whose union has the desired properties. Let M_0 = M; for each α < κ, let M_{α+1} be an

Homogeneous Structures 77

approximate elementary extension of M_α that is τ_α-saturated, where τ_α is a cardinal bigger than card(L) and bigger than the cardinality of each sort of M_α; take unions at limit ordinals. Let N be the union of (M_α | α < κ). By Corollary 9.12, M ⪯_A N. An argument such as in the proof of Proposition 9.25 shows that N is κ-saturated. The fact that N is strongly κ-homogeneous follows from an inductive argument whose successor steps are based on the following easily proved fact:

Suppose M ⪯_A N and N is τ-saturated, where τ is a cardinal bigger than card(L) and bigger than the cardinality of each sort of M. Let C be a set of new constants with card(C) < τ. Suppose A, B are interpretations of C in M such that (M, A) ≡_A (N, B). Then there exists an approximate elementary embedding T : M → N such that for every c ∈ C, T (A(c)) = B(c).

12.5 Remark. S. Buechler and O. Lessmann have developed an approach to geometric stability theory in the absence of full model theoretic compactness [BL] . We briefly indicate how this can be applied to normed space structures. Let L be any signature and let M_0 be a normed space L-structure. Let λ be a cardinal number ≥ ℵ_1. Applying Corollary 12.3 to M_0 and a sufficiently large κ, let M be a Banach space ultrapower of M_0 such that M is λ-saturated and strongly λhomogeneous. We regard M as a logical structure (M, R) in the sense of [BL, Definition 1.1] by taking R to be the collection of all finitary relations that are definable in M by positive bounded L-formulas (without parameters except for the ones named by constant symbols of L). (Recall that since M is at least ℵ_1-saturated, |=_A is equivalent to |= in M for positive bounded formulas; see Proposition 9.20.) It is easy to verify that (M, R) satisfies the concept of strong λ-homogeneity used by Buechler and Lessmann (see [BL, Definition 1.3]) and therefore that their methods apply to this structure. Stability and simplicity of the original structure M_0 can be studied by applying the definitions and methods from [BL] to M. (It is not difficult to show that this is independent of M, as long as λ is sufficiently large.)

In the mid-1990s, the second author developed a concept of stability for normed space structures in the context of the model theory developed here; see [Iov94] [Iov96] [Iov98] [Iov99a] [Iov99b]. Using what is presented in those papers (especially in [Iov99b, Section 4]) and in [BL], and adapting certain other arguments in the literature to the setting of positive bounded formulas and normed space structures, it can be shown that these two notions of stability for normed space structures are equivalent.

A number of interesting normed space structures are stable in this sense. For example, a type-counting argument based on simple features of Hilbert space geometry can be used to show that if M consists of a Hilbert space H together with a family (T_i | i ∈ I) of bounded linear operators T_i : H → H, then M is stable. Another example of a stable normed space structure is the Banach lattice L_p(μ), where 1 ≤ p < ∞ and μ is any measure.

An explanation of the equivalence of these two notions of stability for normed space structures and a treatment of these examples will be given elsewhere.

13 More Model Theory

Quantifier Complexity of Formulas For every positive bounded L-formula φ(x_1, . . . , x_n) there exists a positive bounded L-formula ψ(x_1, . . . , x_n) such that ψ is of the form

Q_1y_1Q_2y_2 . . . Q_ky_k θ(x_1, . . . , x_n, y_1, . . . , y_k)

where

· Q_i is a bounded quantifier of the form ∃_{ri} or ∀_{ri} , for i = 1, . . . , k; · the positive bounded formula θ(x_1, . . . , x_n, y_1, . . . , y_k) is quantifierfree;

· ψ(x_1, . . . , x_n) is equivalent to φ(x_1, . . . , x_n) in the sense that for every normed space L-structure M and elements a_1, . . . , a_n of suitable sorts of M,

M |= φ[a_1, . . . , a_n] if and only if M |= ψ[a_1, . . . , a_n].

The formula ψ is said to be in prenex form. We say that ψ is existential if all its quantifiers are existential. Similarly, we say that ψ is universal if all its quantifiers are universal.

Note that any approximation of a prenex form positive bounded formula will also be in prenex form, with exactly the same sequence of leading quantifier types (∀ versus ∃).

Note also that the usual procedure for putting a given formula into prenex form, when applied to a positive bounded formula, commutes nicely with the process of forming approximations. If φ is a positive bounded formula and φ^′ is an approximation of φ, then the logic structure of φ^′ is identical to that of φ. Suppose ψ is in prenex form and is equivalent to φ, as above; let ψ^′ be obtained from φ^′ by applying the same sequence of prenex rules that was used to obtain ψ from φ. Then ψ^′ is equivalent to φ^′ and ψ^′ is an approximation of ψ. This observation allows us to investigate the approximate satisfaction of the positive bounded formula φ by replacing φ with its equivalent prenex form ψ.

Axiomatizing Classes of Substructures If φ is a universal sentence and M satisfies φ, then every substructure of M satisfies φ too. The following result shows that this is a characteristic way of describing uniform classes of L-structures that are closed under isomorphism and substructures:

13.1 Proposition. Suppose that D is a uniform class of normed space L-structures and let Γ be the set of universal L-sentences that are satisfied by every structure in D. Let C be the class of L-structures that are isomorphic to a substructure of an ultraproduct of members of D. Then C consists of the L-structures that satisfy Γ.

Proof. Every structure in C satisfies Γ, so we just need to prove the converse. Fix an L-structure M such that M |= Γ. Let C be a set of new constants and A an interpretation of C in M such that every element of M is of the form A(c) for some c ∈ C. Let Δ be the set of all quantifierfree positive bounded sentences in L(C) that are true in (M, A). Let Σ be the set of all finite subsets of Δ^+.

Consider ξ = {σ_1, . . . , σ_n } ∈ Σ. There exist quantifier-free positive bounded L- formulas ψ_j (x_1, . . . , x_m) for j = 1, . . . , n and c_1, . . . , c_m ∈ C such that for each j = 1, . . . , n, the formula σ_j is equal to ψ_j (c_1, . . . , c_m). Note that x_i and c_i must have the same sort for i = 1, . . . , m. Moreover, for each j = 1, . . . , n there exists a positive bounded L-formula φ_j with φ_j < ψ_j and φ_j (c_1, . . . , c_m) ∈ Δ. For each i = 1, . . . , m let r_i be a rational number with ‖A(c_i)‖ ≤ r_i. Without loss of generality we may assume that each φ_j contains the formula ‖x_i‖ ≤ r_i as a conjunct. Let s_i > r_i be the rational number for which each approximation ψ_j contains ‖x_i‖ ≤ s_i as a conjunct in the corresponding place.

We claim that there exist an L-structure N_ξ ∈ D and an interpretation A_ξ of C in N_ξ such that the L(C)-structure (N_ξ, A_ξ) satisfies every element of ξ. Otherwise we would have ∀_{s1} x_1 . . . ∀_{sm} x_m n⋁ i=1 neg(ψ_i) ∈ Γ,

and hence this universal sentence would be true in M. However, this is impossible, since by our choice of formulas we have M |̸= n⋁ i=1 neg(ψ_i)[A(c_1), . . . , A(c_m)].

Let D be an ultrafilter on Σ that contains the set {ξ ∈ Σ | ψ ∈ ξ} whenever ψ ∈ Δ^+. Then the D-ultraproduct of ( N_ξ | ξ ∈ Λ) contains a substructure isomorphic to M. Therefore M is in C.

13.2 Definition. Suppose that C is a uniform class of normed space L-structures and there exists a set Γ of universal positive bounded Lsentences such that C is exactly the class of L-structures that satisfy Γ. In this situation we will say that C is axiomatizible by universal L-sentences.

13.3 Corollary. Let C be a uniform class of L-structures. Then C is axiomatizable by universal L-sentences if and only if it is closed under isomorphism, under ultraproducts, and under taking substructures.

Proof. (⇐) Apply Proposition 13.1 with D = C.

13.4 Examples. The literature contains a number of important examples of classes of normed space structures which can be shown to have axiomatizations by universal positive bounded sentences. In some cases the conditions in Corollary 13.3 are shown to be true of the class in question, and so one has a “soft” proof that the axiomatization exists. In other cases explicit conditions for membership in the class are given that can be expressed using universal (positive bounded) sentences (sometimes easily, sometimes with effort).

· Fix p in the interval 1 ≤ p < ∞. [BDCK66] [DCK72] show that the class of Banach lattices isomorphic to L_p(μ) for some measure μ is axiomatizable by universal sentences in the signature of Banach lattices. (Also see the discussion of abstract L_p-spaces in [MN91] and [Lac74].)

· [Hen76] [Ste76] show that the class of Banach lattices (with a designated element) isomorphic to C(K) (with constant function 1) for some compact Hausdorff space K is axiomatizable by universal sentences in the signature of Banach lattices with a designated element. (Also see the discussion of abstract M-spaces in [MN91] and [Lac74].)

· Fix p in the interval 1 ≤ p < ∞. [BDCK65] [BDCK66] [Kri67] show that the class of Banach spaces embedable into L_p(μ) for some measure μ is axiomatizable by universal sentences in the signature of pure Banach spaces.

· [DCK70] considers a class D of Banach spaces closed under ultraproducts, and shows that the class of Banach spaces λ-embedable in a member of D can be axiomatized by conditions expressible by universal sentences in the signature of pure Banach spaces. See also [DC72a] (especially Theorem 1) and [DCK72].

· [DC72b] gives a characterization due to Krivine of embedability in classes of “ψ-spaces” that are closed under ultraproduct and “ψsums”, using conditions that can be expressed by universal sentences in the expansion of the signature of pure Banach spaces obtained by adding a function symbol for the function ψ.

Axiomatizability of Classes of Structures 13.5 Definition. Suppose that C, D are classes of normed space Lstructures such that C ⊆ D. We say that C is axiomatizable in D by positive bounded sentences if there exists a set Γ of positive bounded Lsentences such that the structures in C are exactly those normed space L-structures in D which approximately satisfy Γ. When this condition holds for Γ, we say that Γ is a set of positive bounded axioms for C in D.

In this section we characterize axiomatizability by positive bounded sentences in terms of ultraproducts. The ideas are patterned after a well known characterization of axiomatizability in first order logic due to Keisler [Kei61]. (See Corollary 6.1.16 in [CK90].)

13.6 Proposition. Suppose that C, D are classes of normed space Lstructures with C ⊆ D such that D uniform and is closed under isomorphisms and ultraproducts. The following conditions are equivalent:

(i) C is axiomatizable in D by positive bounded sentences; (ii) C is closed under isomorphisms and ultraproducts, and D \ C is closed under ultrapowers.

Proof. (i)⇒(ii) follows from Propositions 5.14 and 9.3.

To prove (ii)⇒(i), we let Γ be the set of positive bounded L-sentences that are satisfied by every structure in C. We claim that Γ is a set of positive bounded axioms for C in D. To prove this, suppose that M is a structure in D such that M |=_A Γ. Let Σ = { {ψ_1, . . . , ψ_n } | | ψ_1, . . . , ψ_n ∈ (Th_A(M))^+, n ∈ N }.

If ξ = {ψ_1, . . . , ψ_n } ∈ Σ, then there exists a structure in C which satisfies every element of ξ; otherwise we would have ⋁_n i=1 neg(ψ_i) ∈ Γ, so M |=_A ⋁_n i=1 neg(ψ_i); but this is impossible because if φ_1, . . . , φ_n ∈ Th_A(M) are such that φ_i < ψ_i for i = 1, . . . , n, we have M |=_A ⋀_n i=1 φ_i, which is a contradiction.

For each ξ = {ψ_1, . . . , ψ_n } ∈ Σ let N_ξ be a structure in C which satisfies every sentence in ξ. Let D be an ultrafilter on Σ that contains the set {ξ ∈ Σ | ψ ∈ ξ} for each ψ ∈ Th_A(M))^+. Let K = ( ∏ ξ∈Λ N_ξ)_D. Then K |=_A Th_A(M), so we have K ≡_A M. Since C is closed under ultraproducts, K is in C. By Theorem 10.7, there exists an ultrafilter D such that (K)_D and (M)_D are isomorphic. Now (K)_D is in C, so (M)_D is in C, since C is closed under isomorphisms. Therefore, since D \ C is closed under ultrapowers, M is also in C.

13.7 Remark. The proof of Proposition 13.6 contains the following useful elementary result: let C be a uniform class of L-structures and let Γ be the set of all positive bounded sentences σ such that M |=_A σ holds for all M ∈ C. Then, every approximate model of Γ is approximately elementarily equivalent to some ultraproduct of structures from C.

13.8 Examples. The literature contains a number of important examples of classes of normed space structures with axiomatizations by positive bounded sentences.

· [HM74a] [Ste76] [Ste78] contain results from which one can show that the class of Banach spaces isometric to L_p(μ) for some measure μ can be axiomatized by positive bounded sentences in the signature of pure Banach spaces (p is fixed, in the interval 1 ≤ p < ∞). The key idea is that these spaces are the same as the spaces that are L_{p,λ}-spaces for all λ > 1. A full analysis of the complete positive bounded theories of Banach spaces in these classes is discussed in [Hen76]; the added information needed to axiomatize a complete theory is the “number” of atoms of the measure μ (this “number” is either an integer ≥ 0 or ∞). (For a discussion of L_{p,λ}-spaces, needed in this paragraph and the next, see Chapter II.5 in [LT73].)

· The papers cited in the previous item also cover the case p = ∞.

The axiomatizable class here consists of all Banach spaces whose dual space is isometric to an L_1(μ)-space; these are the same as the spaces that are L_{∞,λ}-spaces for all λ > 1. The classification of these Banach spaces under ≡_A is more or less completely open.

· The results in [Hei81] show that the class of Banach spaces isometric to C(K) for some compact Hausdorff space K can be axiomatized by positive bounded sentences in the signature of pure Banach spaces. The key result in this paper is that the class of C(K) Banach spaces is closed under ultraroots. An application of Proposition 13.6 yields that the required set of positive bounded sentences exists; no explicit set of axioms is known. Certain properties of K are known to be axiomatizable in this sense, such as connectedness and total disconnectedness (see [Hen76]), but a complete classification of C(K) Banach spaces under ≡_A is far from being known. Some partial results are given in [HHM83] [HHM86] [HHM87].

13.9 Remark. There are a number of uniform classes of normed space structures that have been shown to be closed under ultraproducts, but for which the corresponding closure under “ultraroots” is either false or not known to be true. These provide open problems as to the (optimal) applicability of Proposition 13.6. Among the many papers in which the structure of ultraproducts of spaces of interest in functional analysis is studied, we mention the following: [DCK72] [Ray97] for Orlicz and Köthe function spaces; [LR84a] [LR84b] [HLR85] [Ray86] [HLR91]for vector valued L_p-spaces, in particular generalized L_p(L_q)- spaces; [Ray91] [Ray98b] for interpolation spaces; and [Gro84] [Ray98a] [Ray02] for noncommutative L_p-spaces.

Quantifier Elimination

13.10 Definition. Let Γ be a positive bounded theory in a signature L and let φ(x_1, . . . , x_n) be a positive bounded L-formula. We say that φ is approximable in Γ by quantifier-free formulas if the following condition holds: for every approximation φ^′ of φ and every positive real number r there exist a quantifier-free positive bounded L-formula θ(x_1, . . . , x_n) and an approximation θ^′ of θ such that whenever M is an approximate model of Γ and a_1, . . . , a_n are elements of suitable sorts of M with ‖a_j ‖ ≤ r for j = 1, . . . , n, M |= φ[a_1, . . . , a_n] implies M |= θ[a_1, . . . , a_n], M |= θ^′[a_1, . . . , a_n] implies M |= φ^′[a_1, . . . , a_n].

13.11 Remark. In Definition 13.10, one may replace |= by |=_A without changing the concept being defined.

13.12 Proposition. Let Γ be a positive bounded theory in a signature L such that the class of approximate models of Γ is uniform, and let φ(x_1, . . . , x_n) be a positive bounded L-formula, where x_j is a variable of sort s_j , for j = 1, . . . , n. The following conditions are equivalent.

(i) φ is approximable in Γ by quantifier-free formulas; (ii) Whenever we are given

· two approximate models M and N of Γ, · substructures M_0 ⊆ M and N_0 ⊆ N, · an isomorphism (T^{(s)} | s ∈ S) of M_0 onto N_0, and · elements a_1, . . . , a_n of suitable sorts of M_0, we have

M |=_A φ[a_1, . . . , a_n] implies N |=_A φ[T^{(s1)}(a_1), . . . , T^{(s1)}(a_n)].

Moreover, for the implication (ii)⇒(i) it suffices to assume (ii) only when M_0 and N_0 are finitely generated substructures.

Proof. We omit the straightforward proof of (i)⇒(ii). To prove (ii)⇒(i), fix an approximation φ^′ of φ and r > 0 in order to find a pair θ, θ^′ satisfying the implications in Definition 13.10.

Let Σ(x_1, . . . , x_n) be the set of all quantifier-free L-formulas of the form neg(σ)(x_1, . . . , x_n), where σ satisfies the following condition: there exists an approximation τ of σ such that whenever N is an approximate model of Γ and b_1, . . . , b_n are elements of suitable sorts of N with ‖b_j ‖ ≤ r for j = 1, . . . , n, N |= τ[b_1, . . . , b_n] implies N |= φ^′[b_1, . . . , b_n].

We claim that the set { n⋀ j=1 ‖x_j ‖ ≤ r} ∪ { φ(x_1, . . . , x_n) } ∪ Σ(x_1, . . . , x_n) is not satisfiable in any model of Γ. To show this, suppose that M is an approximate model of Γ and a_1, . . . , a_n are elements of suitable sorts of M with ‖a_j ‖ ≤ r for j = 1, . . . , n such that M |= φ[a_1, . . . , a_n] and M |= Σ[a_1, . . . , a_n]. Let p(x_1, . . . , x_n) be the set of all quantifier-free Lformulas σ(x_1, . . . , x_n) such that M |= σ[a_1, . . . , a_n], and suppose that N is an approximate model of Γ and b_1, . . . , b_n are elements of suitable sorts of N with ‖b_j ‖ ≤ r for j = 1, . . . , n such that N |= p[b_1, . . . , b_n]. Then the map a_j → b_j determines an isomorphism between the substructure of M generated by {a_1, . . . , a_n} and the substructure of N generated by {b_1, . . . , b_n}. Therefore, by (ii), we have N |= φ^′[b_1, . . . , b_n].

Thus, by the Compactness Theorem (Proposition 9.5), there exist σ ∈ p and an approximation τ of σ such that if N is an approximate model of Γ and b_1, . . . , b_n are elements of suitable sorts of N with ‖b_j ‖ ≤ r for j = 1, . . . , n, we have

N |= τ[b_1, . . . , b_n] implies N |= φ^′[b_1, . . . , b_n].

Take an approximation σ^′ of σ such that σ < σ^′ < τ. By the definition of Σ, we have neg(σ^′) ∈ Σ and therefore M |= neg(σ^′)[a_1, . . . , a_n]; but this contradicts the fact that σ ∈ p (and the definition of p), so the claim is proved.

By the preceding claim and the Compactness Theorem, we find formulas χ_1, . . . , χ_k ∈ Σ such that whenever M is an approximate model of Γ and a_1, . . . , a_n are elements of suitable sorts of M with ‖a_j ‖ ≤ r for j = 1, . . . , n, we have

M |= φ[a_1, . . . , a_n] implies M |= neg(χ_1) ∨ · · · ∨ neg(χ_k)[a_1, . . . , a_n].

Each χ_i is of the form neg(σ_i), where there exists τ_i > σ_i such that whenever M is an approximate model of Γ and a_1, . . . , a_n are elements of suitable sorts of M with ‖a_j ‖ ≤ r for j = 1, . . . , n,

M |= τ_i[a_1, . . . , a_n] implies M |= φ^′[a_1, . . . , a_n].

Thus, Condition (i) follows by taking as θ the formula σ_1 ∨ · · · ∨ σ_k and as θ^′ the formula τ_1 ∨ · · · ∨ τ_k.

13.13 Definition. A positive bounded theory Γ in a signature L admits quantifier elimination if every L-formula is approximable in Γ by quantifier-free formulas.

13.14 Remarks.

(i) Let Γ be a positive bounded theory in a signature L, and let L(C) be an extension of L by constants. If Γ admits quantifier elimination in L then Γ admits quantifier elimination in L(C).

(ii) Let Γ ⊆ Γ^′ be positive bounded theories in a signature L. If Γ admits quantifier elimination in L, then Γ^′ admits quantifier elimination in L. 13.15 Lemma. Suppose that Γ is a positive bounded theory in a signature L and ψ is a positive bounded L formula. If every formula φ with φ < ψ is approximable in Γ by quantifier-free formulas, then neg(ψ) is approximable in Γ by quantifier-free formulas.

Proof. If ψ(x_1, . . . , x_n) be a positive bounded L-formula, a typical approximation of neg(ψ) is a positive bounded formula of the form neg(φ), where φ < ψ. Assume that such φ is approximable in Γ by quantifier-free formulas and take r > 0 and an approximation φ^′ of φ with φ < φ^′ < ψ. Fix a quantifier-free positive bounded formula θ(x_1, . . . , x_n) and an approximation θ^′ of θ such that whenever M is an approximate model of Γ and a_1, . . . , a_n are elements of suitable sorts of M with ‖a_j ‖ ≤ r for j = 1, . . . , n, M |= φ[a_1, . . . , a_n] implies M |= θ[a_1, . . . , a_n], M |= θ^′[a_1, . . . , a_n] implies M |= φ^′[a_1, . . . , a_n].

Fix also an approximation θ^∗ of θ such that θ < θ^∗ < θ^′. Then, if M and a_1, . . . , a_n are as above, we have

M |= neg(ψ)[a_1, . . . , a_n] implies M |= neg(θ^′)[a_1, . . . , a_n] M |= neg(θ^∗)[a_1, . . . , a_n] implies M |= neg(φ)[a_1, . . . , a_n]

by the basic properties of neg (see Remark 5.13).

13.16 Lemma. Suppose that Γ is a positive bounded theory in a signature L and that every existential positive bounded L-formula with one existential quantifier is approximable in Γ by quantifier-free formulas. Then Γ admits quantifier elimination.

Proof. Note that by Lemma 13.15, the hypothesis implies that every positive bounded formula in prenex normal form with one universal bounded quantifier is approximable in Γ by quantifier-free formulas. The proof that every positive bounded L-formula φ is approximable in Γ by quantifier-free formulas is by induction on the complexity of φ.

13.17 Proposition. Let Γ be a positive bounded theory in a signature L such that the class of approximate models of Γ is uniform. Then the following conditions are equivalent:

(i) Γ admits quantifier elimination;

(ii) If M and N are approximate models of Γ, then every embedding of a substructure of M into N can be extended to an embedding of M into an approximate elementary extension of N.

Moreover, if card(L) ≤ κ, then in condition (ii) it suffices to consider approximate models M such that every sort of M has density character ≤ κ. Proof. Let us first prove that (ii) implies (i). By Lemma 13.16 it suffices to show that each existential L-formula with one existential quantifier is approximable in Γ by quantifier-free formulas. Consider such a formula ∃_ryφ(x_1, . . . , x_n, y) where φ is a quantifier-free positive bounded L-formula and x_j is a variable of sort s_j , for j = 1, . . . , n. We show that this formula satisfies condition (ii) of Proposition 13.12. Therefore, suppose we are given approximate models M and N of Γ, substructures M_0 ⊆ M and N_0 ⊆ N, an isomorphism (T^{(s)} | s ∈ S) of M_0 into N_0, and elements a_1, . . . a_n of suitable sorts of M_0, such that M |=_A ∃_ryφ(x_1, . . . , x_n, y)[a_1, . . . , a_n]. We need to prove that

N |=_A ∃_ryφ(x_1, . . . , x_n, y)[T^{(s1)}(a_1), . . . , T^{(s1)}(a_n)].

Fix s > r and any approximation φ^′ of φ, and let b be an element of a suitable sort of M such that ‖b‖ ≤ s and M |= φ^′(x_1, . . . , x_n, y)[a_1, . . . , a_n, b]. Applying the assumed condition (ii), we may extend T to an embedding of M into an approximate elementary extension N^′ of N. Let c be the image of b under this embedding. This implies that ‖c‖ ≤ s and, since φ is quantifier-free, we also have

N^′ |=_A φ^′(x_1, . . . , x_n, y)[T^{(s1)}(a_1), . . . , T^{(s1)}(a_n), c],

and hence

N |=_A ∃_syφ^′(x_1, . . . , x_n, y)[T^{(s1)}(a_1), . . . , T^{(s1)}(a_n)].

Since s and φ^′ were arbitrary, we may conclude that

N |=_A ∃_ryφ(x_1, . . . , x_n, y)[T^{(s1)}(a_1), . . . , T^{(s1)}(a_n)].

To prove (i)⇒(ii), assume that Γ admits quantifier elimination, and suppose that M and N are approximate models of Γ and (T^{(s)} | s ∈ S) is an isomorphism of a substructure M_0 of M into N. Then, by the quantifier elimination assumption, whenever φ(x_1, . . . , x_n) is an existential L-formula with x_j of sort s_j for j = 1, . . . , n and a_1, . . . , a_n are elements of suitable sorts of M_0, we have

M |= φ[a_1, . . . , a_n] implies N |=_A φ[T^{(s1)}(a_1), . . . , T^{(s1)}(a_n)].

Therefore (ii) follows by an application of the Compactness Theorem (Proposition 9.22).

13.18 Example. Fix p in the interval 1 ≤ p < ∞ and let C_p be the class of all Banach lattices that are isomorphic to L_p(μ) for some atomless measure μ. There is a set Γ_p of positive bounded sentences in the signature for Banach lattices such that C_p is the set of all Banach lattices that are approximate models of Γ_p. The Downward Löwenheim- Skolem Theorem (Proposition 9.13) shows that Γ_p is a complete positive bounded theory, since any two separable members of C_p are isomorphic.

We indicate briefly a proof that Γ_p admits quantifier elimination. This is done by verifying condition (ii) of Proposition 13.17; for this we use the structure theory of abstract L_p-spaces as found in the proof of Theorem 3 in [BDCK66] and in Section 15 in [Lac74].

Let M, N be members of C_p and let T be an isomorphism from a substructure M_0 of M into N. We must extend T to an embedding of M into some approximate elementary extension of N. Since the signature of Banach lattices is countable, we may assume that M is separable and it is evidently no loss of generality to assume that M is complete.

Let N^′ be an ℵ_1-saturated approximate elementary extension of N. (It suffices to consider the case where N^′ is an ultrapower of L_p(λ), where λ is Lebesgue measure on the unit interval. This may simplify some of the arguments below for some readers.) We will prove that every embedding T of a substructure of M into N^′ extends to an embedding of M into N^′. Using a Zorn’s Lemma argument, it suffices to prove that if T is an embedding of a proper substructure M_0 of M into N^′, then there exists some M_1 with M_0 ⊂ M_1 ⊆ M and an extension of T to an embedding of M_1 into N^′.

So, let M_0 ⊂ M and let T be an embedding of M_0 into N^′. First we may assume that M_0 is not {0}; otherwise, take e to be any positive element of M having norm 1, and extend T so it takes e to any similar element of N^′. The one-dimensional space spanned by e is a substructure (sublattice) of M and T is an embedding. Next we may assume that M_0 is closed; otherwise take M_1 to be the closure and extend T by uniform continuity.

With these reductions, M_0 is a non-zero closed vector sublattice of M, and therefore it is an L_p(ν)-space in its own right (but the measure ν need not be atomless). By separability, there is a norm-one, positive element e of M_0 which has full support; that is, the band generated by e in M_0 is all of M_0.

Next consider the case where the band generated by e in M is not all of M. Then there must exist a norm-one, positive element f of M that is orthogonal to e. Since N^′ is ℵ_1-saturated, we can find a norm-one, positive element f^′ of N^′ which is orthogonal to T (e). In this situation we let M_1 be the substructure of M that is generated by M_0 and f; our choice of f ensures that M_1 is the Banach lattice direct sum of M_0 and the one dimensional sublattice generated by f. Thus we extend T to an embedding of M_1 into N^′ by mapping f to f^′.

Finally, we must deal with the case where the band generated by e in M is all of M. In this case we use the structure theory for abstract L_pspaces to pass to an isomorphic situation in which M is L_p (where the measure is Lebesgue measure on the unit interval ([0, 1], Σ, λ)) and M_0 is the sublattice of all functions in L_p that are measurable with respect to Σ_0, where Σ_0 is a sub-σ-algebra of Σ. Let A be a set of positive measure in Σ that is not in Σ_0; such a set exists because M_0 is a proper closed sublattice of M. We want to extend T to an embedding of the sublattice of M that is generated by M_0 and χ_A (the characteristic function of A).

Again we use the structure theory of abstract L_p-spaces, this time applied to N^′. Namely, we may represent N^′ as L_p(μ) for some (necessarily atomless) measure μ, and we may do this in such a way that for every set B in Σ_0, T (χ_B) is the characteristic function χ_{σ(B)} of some μ-measurable set σ(B). It is a routine saturation argument to show that there exists a μ-measurable set A^′ such that for any B ∈ Σ_0, we have λ(B ∩ A) = μ(σ(B) ∩ A^′) and λ(B \ A) = μ(σ(B) \ A^′). The desired extension of T can then be taken to map χ_A to χ_A′ .

We close this example by pointing out that it can be paralleled for Banach spaces without lattice structure using the equimeasurability results of Rudin [Rud76] and Plotkin [Plo71]. The result is that the class of L_p(μ)-spaces, where μ is atomless, admits quantifier elimination in the language of pure Banach spaces, as long as 1 ≤ p < ∞ and p ≠ 4, 6, 8, . . . . As above, the proof goes via Proposition 13.17, and we need to verify condition (ii); however, in this situation it is linear subspaces and linear embeddings that need to be considered. The results of Rudin and Plotkin are used to extend an embedding from an arbitrary linear subspace to the closed sublattice that it generates, after which the argument given above takes over.

Approximability by Formulas in a Given Class 13.19 Definition. Suppose that L is a signature and Θ is a class of positive bounded L-formulas that is closed under approximations. If Γ is a positive bounded theory in L and φ(x_1, . . . , x_n) is a positive bounded L-formula, we will say that φ is approximable in Γ by formulas from Θ if the following condition holds. For every approximation φ^′ of φ and every positive real number r there exists θ(x_1, . . . , x_n) ∈ Θ and an approximation θ^′ of θ such that whenever M is an approximate model of Γ and a_1, . . . , a_n are elements of suitable sorts of M with ‖a_j ‖ ≤ r for j = 1, . . . , n, M |= φ[a_1, . . . , a_n] implies M |= θ[a_1, . . . , a_n], M |= θ^′[a_1, . . . , a_n] implies M |= φ^′[a_1, . . . , a_n].

Notice that the concept of approximability by quantifier-free formulas introduced in Definition 13.10 is a particular instance of the concept defined above, namely, when Θ is the class of all quantifier-free L-formulas.

13.20 Proposition. Suppose that L is a signature and Θ is a class of positive bounded L-formulas that is closed under conjunction, disjunction, and approximations. Let Γ be a positive bounded theory in L such that the class of approximate models of Γ is uniform, and let φ(x_1, . . . , x_n) be a positive bounded L-formula. Then the following conditions are equivalent:

(i) Either φ is approximable in Γ by formulas from Θ, or φ is satisfiable in every approximate model of Γ, or φ is satisfiable in no approximate model of Γ;

(ii) If M and N are approximate models of Γ and a_1, . . . , a_n and b_1, . . . , b_n are elements of suitable sorts of M and N, respectively, such that for every θ(x_1, . . . , x_n) ∈ Θ,

M |=_A θ[a_1, . . . , a_n] implies N |=_A θ[b_1, . . . , b_n], then we have

M |=_A φ[a_1, . . . , a_n] implies N |=_A φ[b_1, . . . , b_n].

Proof. Analogous to the proof of Proposition 13.12.

13.21 Example. As an example of how Proposition 13.20 can be applied, we consider one of the alternative formulations discussed in Chapter 11; the others can be handled similarly.

Let L_0 be the signature for Banach spaces with no additional structure and let Θ be the set of restricted positive bounded L_0-formulas. Recall that these are built up from atomic formulas of the form ‖k_1x_1 + · · · + k_nx_n‖ ≤ r, ‖k_1x_1 + · · · + k_nx_n‖ ≥ r, where x_1, . . . , x_n are variables of the normed space sort, k_1, . . . , k_n are positive integers, and r is a rational number, using ∧, ∨ and bounded quantifiers ∃_rx, ∀_rx where r is a positive rational number and x is a variable of the normed space sort.

It is clear that Θ is closed under conjunction, disjunction, and approximations. Moreover, Proposition 11.2 shows that Θ satisfies condition (ii) of Proposition 13.20 when applied to the class of all Banach spaces and to any positive bounded L_0-formula φ. Therefore, every positive bounded L_0-formula is approximable in the class of all Banach spaces by restricted L_0 formulas.

Banach Spaces with Isomorphic Ultrapowers

Here we work in the pure Banach space signature L_0 and we identify every Banach space L_0-structure with its underlying Banach space. (See Chapter 7.)

13.22 Definition. Let φ be a positive bounded L_0-formula. For every rational number λ > 1 we define an approximation φ_λ of φ. The definition is by induction on the complexity of φ:

If φ is: φ_λ is: ‖t‖ ≤ r ‖t‖ ≤ λr ‖t‖ ≥ r ‖t‖ ≥^r_λ (ψ ∧ θ) (ψ_λ ∧ θ_λ)

(ψ ∨ θ) (ψ_λ ∨ θ_λ) ∃_rx ψ ∃_{λr}x ψ_λ ∀_rx ψ ∀^r_λ x ψ_λ If X and Y are Banach spaces and λ is a real number with λ ≥ 1, we say that X and Y are λ-isomorphic if there is a linear isomorphism T : X → Y such that ‖T ‖, ‖T^{−1}‖ ≤ λ. In this case we say that the map T is a λ-isomorphism.

A concept of approximate elementary equivalence suitably adapted to the “λ-isomorphic” context was developed in [HH86]. Here we summarize briefly what was done in the first part of that paper, and prove a version of the Ultraproduct Theorem (Theorem 10.8) for λ-isomorphisms between ultraproducts of Banach spaces. The corresponding result for ultrapowers of Banach spaces is Theorem 4 in [HH86].

13.23 Remarks. Let φ be a positive bounded L_0-formula. Then:

(i) For each λ > 1, φ_λ is an approximation of φ;

(ii) for every approximation φ^′ of φ there exists a rational number λ > 1 such that φ < φ_λ < φ^′;

(iii) if λ, μ > 1, then (φ_λ)_μ is φ_{λμ}; (iv) if λ < μ, then (neg(φ_μ))_λ is neg(φ_{μ/λ}).

By Proposition 6.4 and Remark 13.23(i)(ii), for every pair of Banach spaces X and Y , X ≡_A Y if and only if for every positive bounded L_0- formula φ we have X |= φ implies Y |= φ_λ, for every λ > 1. It is therefore natural to generalize the concept ≡_A of approximate elementary equivalence for L_0-structures as follows. (See [HH86, Definition 2 and Lemma 3].)

13.24 Definition. If X, Y are Banach spaces and λ is a real number with λ ≥ 1, we write X ≡^λ_A Y if for every positive bounded L_0-sentence φ, X |= φ implies Y |= φ_μ, for every μ > λ.

13.25 Proposition. If X, Y , and Z are Banach spaces and λ, μ ≥ 1, then

(i) X ≡^λ_A X;

(ii) If X ≡^λ_A Y , then Y ≡^λ_A X;

(iii) If X ≡^λ_A Y and Y ≡^μ_A Z, then X ≡^{λμ}_A Z.

Proof. Part (i) is immediate and Part (ii) follows from Remark 13.23- (ii). To prove (iii), assume that X ≡^λ_A Y and φ is a positive bounded L_0-sentence such that Y |= φ and X |= neg(φ_ν ) for some ν > λ. Then, by Remark 13.23-(iii), for every μ with 1 < μ < ν we have Y |= neg(φ_μ); but this contradicts the assumption that Y |= φ.

The main result of this section is the following version of the Ultraproduct Theorem (Theorem 10.8). (Also, see [HH86, Remark, page 313].)

13.26 Theorem. Let κ be an infinite cardinal. The ultrafilter D on 2^κ given by Theorem 10.8 satisfies the following property: if λ is a real number with λ ≥ 1 and (X_ξ | ξ < Λ) and (Y_ξ | ξ < Λ) are families of Banach spaces such that density(X_ξ) and density(Y_ξ) are uniformly bounded by κ and ( ∏ ξ<Λ X_ξ ) D ≡^λ_A ( ∏ ξ<Λ Y_ξ ) D , then ( ∏ ξ<Λ X)_D and ( ∏ ξ<Λ Y )_D are λ-isomorphic.

One way to prove this theorem would be to make the appropriate changes in the proof of Theorem 10.8; that is, one would suitably change the approximations of positive bounded formulas in the inductive construction by μ-approximations, for rational numbers μ > λ. This approach would have the advantage that one could apply it to signatures more general than L_0. Below we present an alternative proof which invokes Theorem 10.8 as well as the following result proved in [HH86, Theorem 4]. (Note that the argument at [HH86, lines 12–17, page 308] uses a special case of what is given here in Theorem 10.7.)

13.27 Theorem. Let X and Y be separable Banach spaces and let λ be a real number with λ ≥ 1. The following conditions are equivalent:

(i) X ≡^λ_A Y ;

(ii) There exist Banach spaces ^X and ^Y such that X ⪯_A ^X and Y ⪯_A ^Y and ^X, ^Y are λ-isomorphic.

Proof of Theorem 13.26. Let D be the ultrafilter on 2^κ given by Theorem 10.8, and let

X = ( ∏ ξ<Λ X_ξ)_D

Y = ( ∏ ξ<Λ Y_ξ)_D.

The Downward Löwenheim-Skolem Theorem (Proposition 9.13) gives us separable spaces X^′ and Y^′ such that X ≡_A X^′ and Y ≡_A Y^′. Then Theorem 13.27 gives λ-isomorphic Banach spaces ^X^′ and ^Y^′ such that X^′ ⪯_A ^X^′ and Y^′ ⪯_A ^Y^′. By the Downward Löwenheim-Skolem Theorem (applied to a structure that contains ^X^′ and ^Y^′ as sorts and the given λ-isomorphism between them as a distinguished function), we obtain separable Banach spaces X^{′′} and Y^{′′} such that X^{′′} ≡_A X and Y^{′′} ≡_A Y , and a λ-isomorphism T : X^{′′} → Y^{′′}. Now (T )_D : (X^{′′})_D → (Y^{′′})_D is also a λ-isomorphism. By the choice of D, X is isometric to (X^{′′})_D and Y is isometric to (Y^{′′})_D. Composing (T )_D with these isometries, we obtain the desired λ-isomorphism between X and Y .

14 Types

14.1 Definition. Suppose that M is a normed space L-structure, L(C) is an extension of L by constants, and A is an interpretation of C in M (see Definition 3.7). Let e_1, . . . , e_n be elements of M. Fix distinct variables x_1, . . . , x_n of L such that x_j and e_j have the same sort for each j = 1, . . . , n. We define the type of (e_1, . . . , e_n) over A, denoted tp_M(e_1, . . . , e_n/A), to be the set of all positive bounded L(C)-formulas φ(x_1, . . . , x_n) such that (M, A) |=_A φ[e_1, . . . , e_n].

When it can be done without confusion, we omit the subscript M from this notation and denote the type by tp(e_1, . . . , e_n/A). If C is empty, we write ∅ in place of A in this notation, or omit it entirely.

14.2 Remarks.

(i) Let M, A be as above, and let e_1, . . . , e_n and e^′_1, . . . , e^′_n be elements of M such that e_j and e^′_j are in the same sort of M for j = 1, . . . , n. Then tp_M(e_1, . . . , e_n/A) = tp_M(e^′_1, . . . , e^′_n/A) if and only if (M, A, e_1, . . . , e_n) ≡_A (M, A, e^′_1, . . . , e^′_n).

(ii) If tp(e_1, . . . , e_n/A) = tp(e^′_1, . . . , e^′_n/A), then ‖e_j ‖ = ‖e^′_j ‖, for j = 1, . . . , n. (iii) If (M, A) is an L(C)-structure and M ⪯_A N, then

tp_M(e_1, . . . , e_n/A) = tp_N(e_1, . . . , e_n/A).

14.3 Proposition. Suppose that M is a normed space L-structure, L(C) is an extension of L by constants, and A is an interpretation of C in M. If r_1, . . . , r_n are nonnegative rational numbers and t(x_1, . . . , x_n) is a set of L(C)-formulas, then the following conditions are equivalent:

(i) There exists a structure N such that M ⪯_A N and elements e_1, . . . , e_n of suitable sorts of N with ‖e_j ‖ ≤ r_j for j = 1, . . . , n such that

t(x_1, . . . , x_n) = tp_N(e_1, . . . , e_n/A).

(ii)(a) The formula ⋀_n j=1 ‖x_j ‖ ≤ r_j is in t(x_1, . . . , x_n);

(b) Every finite subset of t^+ is satisfiable in (M, A);

(c) Whenever φ(x_1, . . . , x_n) is a positive bounded L(C)-formula and φ^′ is an approximation of φ, we have φ ∈ t or neg(φ^′) ∈ t.

Proof. The implication (i)⇒(ii) is immediate from the definitions. To prove (ii)⇒(i) let B = { b_1, . . . , b_n } be a set of new constant symbols, where we take the sort of b_j to be the same as the sort of x_j for j = 1, . . . , n. Let C be the class of L(C ∪ B)-structures of the form

(M, A, B),

where B is an interpretation of { b_1, . . . , b_n } in (M, A), and ‖B(b_j )‖ ≤ r_j for j = 1, . . . , n. Then C is a uniform class of L(C ∪ B)-structures. By (ii), every finite subset of (t(b_1, . . . , b_n))^+ is satisfied by a structure in C, so (i) follows from the Compactness Theorem (Proposition 9.5) and Corollary 9.7.

14.4 Definition. Let M, L(C), and A be as above. A set t(x_1, . . . , x_n) of positive bounded L(C)-formulas satisfying the (equivalent) conditions of Proposition 14.3 is called a type over A. If N and (e_1, . . . , e_n) are as in (i) of the proposition, we say that (e_1, . . . , e_n) realizes t in N or that (e_1, . . . , e_n) is a realization of t in N.

14.5 Remarks. Let L, C, M, and A be as in the statement of Proposition 14.3.

(i) If t(x_1, . . . , x_n) is a type over A, the structure N and the elements e_1, . . . , e_n given by Proposition 14.3 can be taken so that N |= t[e_1, . . . , e_n], not just N |=_A t[e_1, . . . , e_n]); this may be achieved by taking N to be ℵ_1-saturated (see Propositions 9.20 and 9.18).

(ii) Suppose that (t_i | i ∈ I) is a family of types over A such that t_i is realized in N_i, for every i ∈ I (so M ⪯_A N_i). Using the Compactness Theorem (Proposition 9.5) one can find a structure N such that M ⪯_A N and for every i ∈ I, there is an approximate elementary embedding of N_i into N whose restriction to M is the identity; hence every t_i is realized in N. Thus, any given family of types over A can be realized in a single approximate elementary extension of M. This observation will be used heavily. (See also Proposition 14.8 below.)

(iii) Suppose that M is an L-structure and (t_i | i ∈ I) is a family of types over A as in the previous paragraph. Let κ be an infinite cardinal number such that card(L) ≤ κ and the density character of each sort of M is at most κ. Then, using the Downward Löwenheim-Skolem Theorem (Proposition 9.13), the approximate elementary extension N of M in the previous paragraph can be found such that the density character of each sort of N is at most card(I) + κ.

14.6 Definition. If Γ(x_1, . . . , x_n) is a set of L-formulas and Γ_0 is a set of L-formulas such that Γ_0 ⊆ Γ, let us say that Γ is determined by Γ_0 (or that Γ_0 determines Γ) if the following condition holds: whenever M is an L-structure and a_1, . . . , a_n are elements of suitable sorts of M,

M |=_A Γ_0[a_1, . . . , a_n] implies M |=_A Γ[a_1, . . . , a_n].

14.7 Proposition. Suppose that M is a normed space L-structure and we have the following situation:

· L(C) is an extension of L by constants and A is an interpretation of C in M, · L(C ∪ D) is an extension of L(C) by constants and B is an interpretation of D in (M, A), and · every element of M in the range of B is in the closed L-substructure of M generated by the range of A.

Then, whenever N is an approximate elementary extension of M and e_1, . . . , e_n are elements of N, the type tp(e_1, . . . , e_n/A∪B) is determined by tp(e_1, . . . , e_n/A).

Proof. By the Perturbation Lemma (Proposition 5.15).

The language of types allows us to rephrase the concept of saturation.

14.8 Proposition. Suppose M is a normed space L-structure and κ is an infinite cardinal. Then the following conditions are equivalent:

(i) M is κ-saturated;

(ii) If L(C) is an extension of L by constants with card(C) < κ and A is an interpretation of C in M, then every type over A is realized in M.

Spaces of Types In this section, the signature L will be fixed, and M will denote a fixed normed space L-structure. Throughout the section, L(C) will denote an extension of L by constants and M will be an interpretation of C in M such that every element of M is in the range of M. The letters A, B, etc. will denote restrictions of M to subsets of C. We write A ⊆ B to indicate that A is a restriction of B.

Given A ⊆ M as above, the set of types over A is denoted S(A). If x_1, . . . , x_n are distinct variables, the set of types t(x_1, . . . , x_n) over A will be denoted S_{(x1,...,xn)}(A). The word “type” will mean “type over A, where A ⊆ M”. Note that S(A) and S_{(x1,...,xn)}(A) depend only on Th_A(M, A).

If t(x_1, . . . , x_n) is a type, we denote by ‖t‖ the real number max_j ‖e_j ‖, where (e_1, . . . e_n) is a realization of t. (Note that ‖t‖ depends only on t and not on the particular realization chosen.)

The Logic Topology on Types If φ(x_1, . . . , x_n) is an L(C)-formula, we let

[φ] = { t(x_1, . . . , x_n) | t is a type and φ ∈ t }.

14.9 Definition. The logic topology on types is defined as follows. If t is a type, the basic neighborhoods of t are the sets of the form [φ] with φ ∈ t^+. If x_1, . . . , x_n are variables, then the logic topology on S_{(x1,...,xn)}(A) is the restriction to S_{(x1,...,xm)}(A) of the logic topology.

Note that the logic topology is Hausdorff. Each basic neighborhood [φ] is closed in the logic topology; indeed, if t is a type not in [φ], then for some φ^′ > φ we have that t ∈ [neg(φ^′)] while [φ] and [neg(φ^′)] are always disjoint.

14.10 Proposition. For any distinct variables x_1, . . . , x_n and any real number r > 0, the set of types t ∈ S_{(x1,...,xn)}(A) such that ‖t‖ ≤ r is compact with respect to the logic topology.

Proof. Proposition 14.10 is in fact a restatement of the Compactness Theorem. Below we present an alternative proof using ultrapowers.

Suppose that (t_ξ)_{ξ∈Λ} is a family of types in S_{(x1,...,xn )}(A) such that ‖t_ξ‖ ≤ r for every ξ ∈ Λ and that D is an ultrafilter on Λ. Let ē_ξ be a realization of t_ξ in an approximate elementary extension N_ξ of (M, A). Then (N_ξ | ξ ∈ Λ) is a uniform family of structures and (ē_ξ)_{ξ∈Λ} ∈ ℓ_∞(Λ, N_ξ | ξ ∈ Λ)). It follows that tp ( ((ē_ξ)_{ξ∈Λ})_D / A ) = lim_{ξ,D} (t_ξ)_{ξ∈Λ}

using Proposition 9.2.

14.11 Corollary. The logic topology on S_{(x1,...,xn )}(A) is locally compact and σ-compact.

Proof. For every type t(x_1, . . . , x_n) ∈ S_{(x1,...,xn )}(A), there exists a rational number r such that the formula ⋀_n j=1 ‖x_j ‖ ≤ r is in t^+. By the preceding proposition [ ⋀_n j=1 ‖x_j ‖ ≤ r] is a compact neighborhood of t.

14.12 Remark. The logic topology on S_{(x1,...,xn )}(A) is not compact (n > 0).

The Metric d on Types Let K be an approximate elementary extension of M such that each type in S(A) is realized in K. (See Remark 14.5(ii) for the existence of K.) Define d on S_{(x1,...,xn)}(A) as follows.

d(t, t^′) = inf { max_j ‖e_j − e^′_j ‖ | | K |=_A t[ē], K |=_A t^′[ē^′] }.

It follows easily that d is a pseudometric. The fact that d is a metric follows from the Perturbation Lemma. Note that d does not depend on K, since K realizes every type of a 2n-tuple (e_1, . . . , e_n, e^′_1, . . . , e^′_n) over A. Note that if t, t^′ ∈ S_{(x1,...,xn)}(A), then by the Compactness Theorem there exist realizations (e_1, . . . , e_n) of t and (e^′_1, . . . , e^′_n) of t^′ in the same approximate elementary extension of M, such that max_j ‖e_j − e^′_j ‖ = d(t, t^′).

14.13 Proposition. The d-topology on S_{(x1,...,xn)}(A) is finer than the logic topology on S_{(x1,...,xn)}(A).

Proof. By the Perturbation Lemma (Proposition 5.15). 14.14 Proposition. The metric space (S_{(x1,...,xn)}(A), d) is complete. Proof. Similar to the proof of Proposition 9.21.

14.15 Proposition. The following conditions are equivalent for a pair of types t, t^′ ∈ S_{(x1,...,xn)}(A) and a rational δ > 0: (i) d(t, t^′) ≤ δ; (ii) Every finite subset of the set t(x_1, . . . , x_n)^+ ∪ t^′(x^′_1, . . . , x^′_n)^+ ∪ { n⋀ j=1 ‖x_j − x^′_j ‖ ≤ ϵ | ϵ > δ}

is satisfiable in (M, A).

(iii) If κ is an infinite cardinal with κ > card(L(C)) and N is a κ-saturated approximate elementary extension of M, then in N there exist realizations (e_1, . . . , e_n) of t and (e^′_1, . . . , e^′_n) of t^′, such that max_j ‖e_j − e^′_j ‖ ≤ δ;

(iv) For every L(C)-formula φ(x_1, . . . , x_n), every approximation φ^′ of φ, and every rational ϵ > δ, ∀_ϵz_1 . . . ∀_ϵz_n φ(x_1 + z_1, . . . , x_n + z_n) ∈ t implies ∀_{ϵ−δ}z_1 . . . ∀_{ϵ−δ}z_n φ^′(x_1 + z_1, . . . , x_n + z_n) ∈ t^′.

Proof. Each implication between two of the conditions follows quickly from the definitions and (occasionally) the Compactness Theorem. 14.16 Remark. In general there are many important topologies on spaces of types in the functional analysis setting; the more useful ones are given by uniform structures defined using positive bounded formulas. A general formulation of these topologies and preliminary discussion of their properties can be found in [Iov99a] and [Iov96].

Quantifier-Free Types 14.17 Definition. Suppose that M is a normed space L-structure, L(C) is an extension of L by constants, and A is an interpretation of C in M. Let e_1, . . . , e_n be elements of M, and fix distinct variables x_1, . . . , x_n of L such that x_j and e_j have the same sort for each j = 1, . . . , n. We define the type of (e_1, . . . , e_n) over A, denoted

tpqf_M(e_1, . . . , e_n/A),

to be the set of all quantifier-free positive bounded L(C)-formulas φ(x_1, . . . , x_n) such that

(M, A) |=_A φ[e_1, . . . , e_n].

When it can be done without confusion, we omit the subscript M from this notation and denote the type by

tpqf(e_1, . . . , e_n/A).

If C is empty, we write ∅ in place of A in this notation, or omit it entirely.

14.18 Remarks.

(i) Let M, A be as above, and let e_1, . . . , e_n and e^′_1, . . . , e^′_n be elements of M such that e_j and e^′_j are in the same sort of M for all j = 1, . . . , n. Let M_0, M^′_0 be the substructures of M generated by the range of A and {e_1, . . . , e_n}, {e^′_1, . . . , e^′_n}, respectively. Then

tpqf_M(e_1, . . . , e_n/A) = tpqf_M(e^′_1, . . . , e^′_n/A)

if and only if there is an isomorphism from M_0 onto M_1 that is the identity on the range of A and takes e_j to e^′_j for each j = 1, . . . , n.

(ii) If tpqf(e_1, . . . , e_n/A) = tpqf(e^′_1, . . . , e^′_n/A), then ‖e_j ‖ = ‖e^′_j ‖, for j = 1, . . . , n. (iii) If (M, A) is an L(C)-structure and M ⊆ N, then

tpqf_M(e_1, . . . , e_n/A) = tpqf_N(e_1, . . . , e_n/A).

14.19 Proposition. Suppose that M is a normed space L-structure, L(C) is an extension of L by constants, and A is an interpretation of C in M. Let r_1, . . . , r_n be nonnegative rational numbers and t(x_1, . . . , x_n) a set of quantifier-free positive bounded L(C)-formulas. The following conditions are equivalent:

(i) There exists a structure N such that M ⪯_A N and elements e_1, . . . , e_n of suitable sorts of N with ‖e_j ‖ ≤ r_j for j = 1, . . . , n such that

t(x_1, . . . , x_n) = tpqf_N(e_1, . . . , e_n/A).

(ii)(a) The formula ⋀_n j=1 ‖x_j ‖ ≤ r_j is in t(x_1, . . . , x_n);

(b) Every finite subset of t^+ is satisfiable in (M, A);

(c) Whenever φ(x_1, . . . , x_n) is a quantifier-free positive bounded L(C)- formula and φ^′ is approximation of φ, we have φ ∈ t or neg(φ^′) ∈ t.

14.20 Definition. Let M, L(C), and A be as in the preceding proposition. A set t(x_1, . . . , x_n) of quantifier free L(C)-formulas satisfying the (equivalent) conditions in Proposition 14.19 is called a quantifier-free type over A. If N and (e_1, . . . , e_n) are as in (i) of the proposition, we say that (e_1, . . . , e_n) realizes t in N or that (e_1, . . . , e_n) is a realization of t in N.

The following result characterizes quantifier elimination for a complete positive bounded theory in terms of types.

14.21 Proposition. Suppose that L is a signature and Γ is a complete positive bounded theory in L. The following conditions are equivalent:

(i) Γ admits quantifier elimination;

(ii) Whenever M is an approximate model of Γ and e_1, . . . , e_n are elements of M, the type tp_M(e_1, . . . , e_n/∅)

is determined by tpqf_M(e_1, . . . , e_n/∅).

Proof. (i)⇒(ii) follows from the definitions. To prove (ii)⇒(i) one verifies condition (ii) of Proposition 13.12 simultaneously for all positive bounded formulas φ(x_1, . . . , x_n).

Quantifier-Free Types Over Banach Spaces In this section we work in the pure Banach space signature L_0 and we identify every Banach space L_0-structure with its underlying Banach space. (See Chapter 7.)

The model theoretic concept of type was brought into Banach space theory by Krivine and Maurey [KM81]. For analysts, a type over a Banach space X is a function from X into R that characterizes a possible way to add an element to X while staying inside an ultrapower of X. Namely, given e in an ultrapower of X, one considers the function τ_e defined for a ∈ X by τ_e(a) = ‖a + e‖. Note that τ_e and the norm on X determine the norm on the linear span of X and e. Together with Remark 14.18(i), this makes it clear that as e ranges over an ultrapower of X, there is a 1-1 correspondence between the quantifier-free type tpqf(e/X) and the function τ_e. (The definition of both objects involves a specific ultrapower of X in the background, from which the elements e are taken and in which norms are calculated.)

From the perspective of model theory, it is natural to generalize this in two ways: first, to consider n-tuples (e_1, . . . , e_n) in place of single elements e; second, to allow the base space X to be replaced by any subset A of X (including the empty set, in fact). Both of these generalizations yield benefits.

Throughout this section X is a fixed Banach space and A, B denote subsets of X. Let A be such a set, and consider a set C = {c_a | a ∈ A} of new constant symbols that is in 1-1 correspondence with A. Define an interpretation A of C in X by setting A(c_a) = a for all a ∈ A. Take e_1, . . . , e_n in any approximate elementary extension of X and consider the quantifier-free type over A realized by (e_1, . . . , e_n) over A. These are the objects that will be discussed in this section.

To simplify notation we will ignore the set of constants C and the interpretation A; as is usual in model theory we will write tpqf(e_1, . . . , e_n/A) instead of tpqf(e_1, . . . , e_n/A) and we will speak of quantifier-free types over A rather than over A. Also, we will write L(A) for L(C) and (X, a)_{a∈A} for the L(C)-structure (X, A). In this section, “quantifier-free type” will mean “quantifier-free type over A, realized in an approximate elementary extension of X, where A is a subset of X”.

Let A be the closed linear span of B in X. Using Remark 14.18 we see that for any e_1, . . . , e_n in an approximate elementary extension of X, the quantifier-free type tpqf(e_1, . . . , e_n/A) is determined by tpqf(e_1, . . . , e_n/B). Hence, we lose no generality by focusing attention on types over closed linear subspaces of X.

14.22 Definition. Let A be a closed subspace of X. A quantifier-free ntype over A is a quantifier-free type of the form tp(e_1, . . . , e_n/A), where e_1, . . . , e_n are in some approximate elementary extension of X.

Note that we have chosen to suppress the role of X in this terminology. Also, by Theorem 10.7, any approximate elementary extension of X has an ultrapower that is linearly isometric to an ultrapower of X.

Therefore, every quantifier-free n-type over a subspace of X is realized in some ultrapower of X.

14.23 Proposition. Let A be a subspace of X. Let r_1, . . . , r_n be nonnegative rational numbers and t(x_1, . . . , x_n) a set of quantifier-free positive bounded L(A)-formulas. The following conditions are equivalent: (i) There exists a Banach space X such that X ⪯_A X and elements e_1, . . . , e_n of X with ‖e_j ‖ ≤ r_j for j = 1, . . . , n such that t(x_1, . . . , x_n) = tpqf(e_1, . . . , e_n/A). (ii)(a) The formula ⋀_n j=1 ‖x_j ‖ ≤ r_j is in t(x_1, . . . , x_n);

(b) Every finite subset of t^+ is satisfiable in (X, a)_{a∈A}; (c) Whenever φ(x_1, . . . , x_n) is a quantifier-free positive bounded L(A)- formula and φ^′ is approximation of φ, we have φ ∈ t or neg(φ^′) ∈ t.

Proof. This is a special case of Proposition 14.19.

If A is a subspace of X and e_1, . . . , e_n are in an approximate elementary extension of X, the quantifier-free type tpqf(e_1, . . . , e_n/A) is determined by the truth values of the formulas s_1 ≤ ‖x + r_1e_1 + · · · + r_ne_n‖ ≤ s_2, as x ranges over A, where r_1, . . . , r_n, s_1, s_2 are rational numbers. Therefore, tpqf(e_1, . . . , e_n/A) provides the same information as the function τ_{e1,...,en,A} : A × R^n → R defined for a ∈ A and r_1, . . . , r_n ∈ R by τ_{e1,...,en,A}(a, r_1, . . . , r_n) = ‖a + r_1e_1 + · · · + r_ne_n‖. Since A is a subspace, homogeneity of the norm permits us to restrict τ_{e1,...,en,A} to A × Δ, where Δ = {(r_1, . . . , r_n) ∈ R | ∑ |r_i| = 1 and ∑ r_i > 0}, without losing any information.

14.24 Proposition. Let A be a subspace of X and τ : A × R^n → R any function. The following conditions are equivalent:

(i) There exists a Banach space X such that X ⪯_A X and elements e_1, . . . , e_n of X such that for all a ∈ A and r_1, . . . , r_n ∈ R τ(a, r_1, . . . , r_n) = ‖a + r_1e_1 + · · · + r_ne_n‖.

(ii) There exists a family (u_1(i), . . . , u_n(i))_{i∈I} in X^n and an ultrafilter D on I such that for all a ∈ A and r_1, . . . , r_n ∈ R

τ(a, r_1, . . . , r_n) = lim_{i,D} ‖a + r_1u_1(i) + · · · + r_nu_n(i)‖.

Proof. (ii)⇒(i) follows from Proposition 14.25-(i) and Proposition 14.10. To prove (i)⇒(ii) fix e_1, . . . , e_n as in (i) and note that, since e_1, . . . , e_n live in an approximate elementary extension of X and A ⊆ X, for every formula φ(x_1, . . . , x_n) ∈ tpqf(e_1, . . . , e_n/A) of the form

s_1 ≤ ‖a + r_1x_1 + . . . r_nx_n‖ ≤ s_2

(where a ∈ A) and every approximation φ^′ of φ there exist elements u_1, . . . , u_n ∈ X such that X |= φ^′[u_1, . . . , u_n].

It is natural to define quantifier-free analogs of the topologies on types defined earlier in this chapter. The quantifier-free logic topology is the topology on quantifier-free types in which the basic neighborhoods of a quantifier-free type t are the sets of the form [φ] with φ ∈ t^+. (See Definition 14.9). Let X be an approximate elementary extension of X in which every quantifier-free type over every subspace of X is realized. The quantifier-free d-topology is the topology on quantifier-free types given by the metric d_{qf} , where for two quantifier-free types t, t^′,

d_{qf} (t, t^′) = inf { max_j ‖e_j − e^′_j ‖ | X |=_A t[ē], X |=_A t^′[ē^′] } . This definition of the quantifier-free d-topology is independent of X.

14.25 Proposition. Let A be a subspace of X and regard quantifier-free 1-types over A as real-valued functions via the correspondence tpqf(e/A) ⇝ τ_{e,A}. Then,

(i) The quantifier-free logic topology corresponds to the topology of pointwise convergence on A;

(ii) The quantifier-free d-topology is finer than the topology of uniform convergence on A.

Proof. (i) is immediate from the definitions; (ii) is a consequence of the triangle inequality.

References 107

References [ACH97] L. O. Arkeryd, N. J. Cutland, and C. W. Henson, editors.

Nonstandard Analysis: Theory and Applications, Dordrecht, 1997. Kluwer Academic Publishers Group.

[BDCK65] J. Bretagnolle, D. Dacunha-Castelle, and J.-L. Krivine. Fonctions de type positif sur les espaces L^p. C. R. Acad. Sci. Paris, 261:2153–2156, 1965.

[BDCK66] J. Bretagnolle, D. Dacunha-Castelle, and J.-L. Krivine. Lois stables et espaces L^p. Ann. Inst. H. Poincaré Sect. B (N.S.), 2:231–259, 1965/1966.

[BL] S. Buechler and O. Lessmann. Simple homogeneous models. Submitted. [CK90] C. C. Chang and H. J. Keisler. Model theory, volume 73 of Studies in Logic and the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam, third edition, 1990.

[DC72a] D. Dacunha-Castelle. Applications des ultraproduits à la théorie des plongements des espaces de Banach. In Actes du Colloque d’Analyse Fonctionnelle (Univ. Bordeaux, Bordeaux, 1971), pages 117–125. Bull. Soc. Math. France, Mém. No. 31–32. Soc. Math. France, Paris, 1972.

[DC72b] D. Dacunha-Castelle. Sur un théorème de J. L. Krivine concernant la caractérisation des classes d’espaces isomorphes à des espaces d’Orlicz généralisés et des classes voisines. Israel J. Math., 13:261–276 (1973), 1972. Proceedings of the International Symposium on Partial Differential Equations and the Geometry of Normed Linear Spaces (Jerusalem, 1972).

[DCK70] D. Dacunha-Castelle and J.-L. Krivine. Ultraproduits d’espaces d’Orlicz et applications géométriques. C. R. Acad. Sci. Paris Sér. A-B, 271:A987–A989, 1970.

[DCK72] D. Dacunha-Castelle and J.-L. Krivine. Applications des ultraproduits à l’étude des espaces et des algèbres de Banach. Studia Math., 41:315–334, 1972.

[Gro84] Ulrich Groh. Uniform ergodic theorems for identity preserving Schwarz maps on W^∗-algebras. J. Operator Theory, 11(2):395–404, 1984.

[Hei80] S. Heinrich. Ultraproducts in Banach space theory. J. Reine Angew.

Math., 313:72–104, 1980.

[Hei81] S. Heinrich. Ultraproducts of L1-predual spaces. Fund. Math., 113(3):221–234, 1981.

[Hen74] C. W. Henson. The isomorphism property in nonstandard analysis and its use in the theory of Banach spaces. J. Symbolic Logic, 39:717–731, 1974.

[Hen75] C. W. Henson. When do two Banach spaces have isometrically isomorphic nonstandard hulls? Israel J. Math., 22(1):57–67, 1975.

[Hen76] C. W. Henson. Nonstandard hulls of Banach spaces. Israel J. Math., 25(1-2):108–144, 1976.

[Hen97] C. W. Henson. Foundations of nonstandard analysis: a gentle introduction to nonstandard extensions. In Nonstandard analysis (Edinburgh, 1996), pages 1–49. Kluwer Acad. Publ., Dordrecht, 1997.

[HH86] S. Heinrich and C. W. Henson. Banach space model theory. II.

Isomorphic equivalence. Math. Nachr., 125:301–317, 1986. [HHM83] S. Heinrich, C. W. Henson, and L. C. Moore, Jr. Elementary equivalence of L1-preduals. In Banach space theory and its applications (Bucharest, 1981), pages 79–90. Springer, Berlin, 1983.

108 C. W. Henson and J. Iovino

[HHM86] S. Heinrich, C. W. Henson, and L. C. Moore, Jr. Elementary equivalence of Cσ (K) spaces for totally disconnected, compact Hausdorff K. J. Symbolic Logic, 51(1):135–146, 1986.

[HHM87] S. Heinrich, C. W. Henson, and L. C. Moore, Jr. A note on elementary equivalence of C(K) spaces. J. Symbolic Logic, 52(2):368–373, 1987.

[HL85] A. E. Hurd and P. A. Loeb. An Introduction to Nonstandard Real Analysis. Academic Press, San Diego, 1985.

[HLR85] R. Haydon, M. Levy, and Y. Raynaud. On the local structure of Lp(X). In Banach spaces (Columbia, Mo., 1984), pages 74–79. Springer, Berlin, 1985.

[HLR91] R. Haydon, M. Levy, and Y. Raynaud. Randomly normed spaces.

Hermann, Paris, 1991.

[HM74a] C. W. Henson and L. C. Moore, Jr. Nonstandard hulls of the classical Banach spaces. Duke Math. J., 41:277–284, 1974.

[HM74b] C. W. Henson and L. C. Moore, Jr. Subspaces of the nonstandard hull of a normed space. Trans. Amer. Math. Soc., 197:131–143, 1974.

[HM83a] C. W. Henson and L. C. Moore, Jr. The Banach spaces lp(n) for large p and n. Manuscripta Math., 44(1-3):1–33, 1983.

[HM83b] C. W. Henson and L. C. Moore, Jr. Nonstandard analysis and the theory of Banach spaces. In Nonstandard analysis—recent developments (Victoria, B.C., 1980), pages 27–112. Springer, Berlin, 1983.

[Iov94] J. Iovino. Stable Theories in Functional Analysis. PhD thesis, University of Illinois at Urbana-Champaign, 1994.

[Iov96] J. Iovino. The Morley rank of a Banach space. J. Symbolic Logic, 61(3):928–941, 1996.

[Iov98] J. Iovino. Types on stable Banach spaces. Fund. Math., 157(1):85–95, 1998.

[Iov99a] J. Iovino. Stable Banach spaces and Banach space structures. I.

Fundamentals. In Models, algebras, and proofs (Bogotá, 1995), pages 77–95. Dekker, New York, 1999.

[Iov99b] J. Iovino. Stable Banach spaces and Banach space structures. II.

Forking and compact topologies. In Models, algebras, and proofs (Bogotá, 1995), pages 97–117. Dekker, New York, 1999.

[Iov01] J. Iovino. On the maximality of logics with approximations. J.

Symbolic Logic, 66(4):1909–1918, 2001.

[Kei61] H. J. Keisler. Ultraproducts and elementary classes. Nederl. Akad.

Wetensch. Proc. Ser. A 64 = Indag. Math., 23:477–495, 1961. [KM81] J.-L. Krivine and B. Maurey. Espaces de Banach stables. Israel J.

Math., 39(4):273–295, 1981.

[Kri67] J.-L. Krivine. Sous-espaces et Cones Convexes dans les Espaces L^p.

Université de Paris, 1967. Thèse.

[Kri72] J.-L. Krivine. Théorie des modèles et espaces L^p. C. R. Acad. Sci.

Paris Sér. A-B, 275:A1207–A1210, 1972.

[Kri74] J.-L. Krivine. Langages à valeurs réelles et applications. Fund. Math., 81:213–253, 1974. Collection of articles dedicated to Andrzej Mostowski on the occasion of his sixtieth birthday, III.

[Lac74] H. E. Lacey. The Isometric Theory of Classical Banach Spaces.

Springer-Verlag, Berlin, 1974.

[Lin88] T. Lindstrom. An Invitation to Nonstandard Analysis. In Nonstandard Analysis and its Applications, pages 1–105. Cambridge

References 109

university Press, Cambridge, 1988.

[Łoś55] J. Łoś. Quelques remarques, théorèmes et problèmes sur les classes définissables d’algèbres. In Mathematical interpretation of formal systems, pages 98–113. North-Holland Publishing Co., Amsterdam, 1955.

[LR84a] M. Levy and Y. Raynaud. Ultrapuissances de L^p(L^q). In Seminar on functional analysis, 1983/1984, pages 69–79. Univ. Paris VII, Paris, 1984.

[LR84b] M. Levy and Y. Raynaud. Ultrapuissances des espaces L^p(L^q). C.

R. Acad. Sci. Paris Sér. I Math., 299(3):81–84, 1984. [LT73] J. Lindenstrauss and L. Tzafriri. Classical Banach spaces.

Springer-Verlag, Berlin, 1973. Lecture Notes in Mathematics, Vol. 338. [Lux69a] W. A. J. Luxemburg, editor. Applications of model theory to algebra, analysis, and probability. Holt, Rinehart and Winston, New York, 1969.

[Lux69b] W. A. J. Luxemburg. A general theory of monads. In Applications of Model Theory to Algebra, Analysis, and Probability (Internat. Sympos., Pasadena, Calif., 1967), pages 18–86. Holt, Rinehart and Winston, New York, 1969.

[MN91] P. Meyer-Nieberg. Banach Lattices. Springer-Verlag, Berlin, 1991. [Plo71] A. I. Plotkin. Continuation of L^p-isometries. Zap. Naučn. Sem.

Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 22:103–129, 1971. [Ray86] Y. Raynaud. Sur les sous-espaces de L^p(L^q). In Séminaire d’Analyse Fonctionelle 1984/1985, pages 49–71. Univ. Paris VII, Paris, 1986.

[Ray91] Y. Raynaud. Some remarks on ultrapowers and superproperties of the sum and interpolation spaces of Banach spaces. Compositio Math., 79(3):295–319, 1991.

[Ray97] Y. Raynaud. Ultrapowers of Köthe function spaces. Collect. Math., 48(4-6):733–742, 1997. Fourth International Conference on Function Spaces (Zielona Góra, 1995).

[Ray98a] Y. Raynaud. On ultrapowers of non commutative L1 spaces.

Colloquium del Departamento de Analisis Matematico, Univ. Complutense Madrid,, 43, 1998.

[Ray98b] Y. Raynaud. Ultrapowers of Calderón-Lozanovskii interpolation spaces. Indag. Math. (N.S.), 9(1):65–105, 1998.

[Ray02] Y. Raynaud. On ultrapowers of non commutative Lp spaces. To appear, 2002.

[Rob66] A. Robinson. Non-standard analysis. North-Holland Publishing Co., Amsterdam, 1966.

[Rud76] W. Rudin. L^p-isometries and equimeasurability. Indiana Univ.

Math. J., 25(3):215–228, 1976.

[She71] S. Shelah. Every two elementarily equivalent models have isomorphic ultrapowers. Israel J. Math., 10:224–233, 1971.

[Sim82] B. Sims. “Ultra”-techniques in Banach space theory. Queen’s University, Kingston, Ont., 1982.

[Ste74] J. Stern. Sur certaines classes d’espaces de Banach caractérisées par des formules. C. R. Acad. Sci. Paris Sér. A, 278:525–528, 1974.

[Ste75] J. Stern. Propriétés locales et ultrapuissances d’espaces de Banach. In Séminaire Maurey-Schwartz 1974-1975: Espaces L^p, applications radonifiantes et géométrie des espaces de Banach, Exp. Nos. VI et VII, pages 30 pp. (erratum, p. 2). Centre Math., École Polytech., Paris, 1975.

[Ste76] J. Stern. Some applications of model theory in Banach space theory.

110 C. W. Henson and J. Iovino

Ann. Math. Logic, 9(1-2):49–121, 1976.

[Ste77] J. Stern. Exemples d’application de la théorie des modèles à la théorie des espaces de Banach. In Colloque International de Logique (Clermont-Ferrand, 1975), pages 19–37. Colloques Internat. CNRS, 249. CNRS, Paris, 1977.

[Ste78] J. Stern. Ultrapowers and local properties of Banach spaces. Trans.

Amer. Math. Soc., 240:231–252, 1978.

Index of Notation

(F )_D , 18 (M)_D , 19 (X)_D , 18 ((x_ξ)_{ξ∈Λ})_D , 18 [φ], 99

ā ∼_λ b̄, 34

B_r(X), 18

card(L), 14

d(t, t^′), 100

f : s_1 × · · · × s_m → s_0, 13 f^M, 13 φ(x_1, . . . , x_n), 23 φ < φ^′, 24 φ_λ, 92

Γ(x_1, . . . , x_n), 23 Γ^+, 25

L(C), 14, 16 L ⊆ L^′, 14 L_0, 34 ℓ_∞ ( Λ, (X_ξ | ξ ∈ Λ) ) , 17 lim_{ξ,D} , 17

(M, A), 16 M |= φ[a_1, . . . , a_n], 23 M |=_A φ[a_1, . . . , a_n], 25 M |= Γ[a_1, . . . , a_n], 24 M |=_A Γ[a_1, . . . , a_n], 25 M ≡_A N, 31 M ⪯_A N, 31 M ∼= N, 15 M ⊆ N, 14 neg, 26 ( ∏ ξ∈Λ X_ξ )_D, 18 ( ∏ ξ∈Λ M_ξ)_D , 41

∃_r x φ, 22 ∀_rx φ, 22 S_{(x1,...,xn)}(A), 99 s_R, 10, 13

t(x_1, . . . , x_n), 23 t^M, 23 ‖t‖, 99 Th_A(M), 31 tp(e_1, . . . , e_n/A), 96 tp_M(e_1, . . . , e_n/A), 96 tpqf(e_1, . . . , e_n/A), 102 tpqf_M(e_1, . . . , e_n/A), 102 ⋃ ξ∈Λ M_ξ, 46

Index

approximable

by formulas in a given class, 91 by quantifier-free formulas, 84 approximate

elementary chain, 47 elementary embedding, 32 elementary extension, 32 elementary substructure, 31 model, 31 satisfiability, 49 truth, see approximate satisfaction approximate satisfaction

of a formula, 25 of a set of formulas, 25 approximately elementarily equivalent, structures, 31 approximation, of a positive bounded formula, 24 automorphism, of a structure, 15 axiomatizable

by positive bounded sentences, 82 by universal sentences, 81 axioms, see positive bounded, axioms

Banach space structure, 10

cardinality, of a signature, 14 chain, of structures, 46

approximate elementary, 47 closure, of a structure, 15, 33 Compactness Theorem, 45

second version, 52 completion, of a structure, 15, 33 connective, positive, 22 constant symbol, 13 constant, of a structure, 10 countably incomplete, ultrafilter, 50

D-limit, see limit d-metric, 100 density character, of a topological space, 47 determined, 98 diagonal embedding

for normed spaces, 18 for structures, 19, 44 domain, of a function symbol, 13

element, of a structure, 11 embedding, 15

approximate elementary, 32 enlargement, 53 existential formula, 79 expansion, of a structure, 16

by constants, 16 extension

approximate elementary, 32 extension, of a signature, 14

by constants, 14 extension, of a structure, 14

finitely

generated, structure, 14 formula, see positive bounded formula atomic, 22 function symbol, 13

homogeneous, see strongly

κ-homogeneous

interpretation

of a function symbol, 13 of a set of constants, 16 isometric isomorphism, see isomorphism isometric automorphism, see

automorphism isometric embedding, see embedding isomorphism, 15

Index 113

κ-saturated structure, 49

L-structure, 13 L-term, 21 Löwenheim-Skolem Theorem

Downward, 47 Upward, 48 λ-approximation, 92 λ-equivalent, tuples of elements, 34 λ-isomorphic, 93 limit, with respect to an ultrafilter, 17 logic topology, 99 Łoś Theorem, 44

model, approximate, 31 modulus of uniform continuity, 18 uniform, 38

nonstandard hull, 19, 41 normed space structure, 10

based on, 10 complete, 10 finitely generated, 14 κ-saturated, 49 strongly κ-homogeneous, 75

operations

of a structure, 10 required, 10 vector space, 10

Perturbation Lemma

for a structure, 27 for uniform classes, 43 positive bounded

axioms, 82 formula, 22 positive bounded formula

existential, 79 quantifier-free, 34 universal, 79 positive bounded theory, 31

complete, 45 of a structure, 31 prenex form, 79

quantifier elimination

for formulas, 84 for theories, 86 quantifier, bounded, 22 quantifier-free

formula, 34 type, 102

n-type, 104 realization of, 103

range of a function symbol, 13 of a term, 21 reduct, of a structure, 16

satisfaction

of a formula, 23 of a set of formulas, 24 satisfiable, 49 saturated, see κ-saturated structure sentence, 22 signature, 13

cardinality of, 14 countable, 14 sort, of a variable, 21 sorts, of a structure, 10

special, 10 strongly κ-homogeneous, structure, 75 structure, see normed space structure subformula, of a formula, 22 subsignature, 14 substructure, 14 suitable sorts, elements of, 26

τ-consistent, 56 Tarski-Vaught Test, 33 term, 21

evaluation of, 23 topology

d-topology, see d-metric logic, see logic topology type, 97

n-type, 104 norm of a, 99 of a tuple, 96 quantifier-free, see quantifier-free type realization of, 97

ultrapower

of a normed space, 18 of a normed space structure, 19 ultraproduct

of a family of normed spaces, 18 of a family of structures, 41 uniform

bound for a family of functions, 38 class of structures, 39 family of functions, 38 family of structures, 39 modulus of uniform continuity, 38 universal formula, 79

variable, 21

free, 22

weak negation, of a formula, 26