OMITTING UNCOUNTABLE TYPES,
AND THE STRENGTH OF [0,1-VALUED LOGICS
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ABSTRACT. We study a class of [0, 1]-valued logics. The main result of the
paper is a maximality theorem that characterizes these logics in terms of a
model-theoretic property, namely, an extension of the omitting types theorem
to uncountable languages.

INTRODUCTION

In [CKG66], Chang and Keisler introduced a model-theoretic apparatus for log-
ics with truth values in a compact Hausdorff space whose logical operations are
continuous, calling it continuous logic. In this paper we focus on the special
case when the truth-value space is the closed unit interval [0,1]. We call it ba-
sic continuous logic. The main result of the paper is a characterization of this
logic in terms of a model-theoretic property, namely, an extension of the omitting
types theorem to uncountable languages. This result generalizes a characteriza-
tion of first-order logic due to Lindstrém [Lin78|. By restricting basic continuous
logic to particular classes of structures we obtain analogous characterizations of
[0, 1]-valued logics that have been studied extensively, namely, Lukasiewicz-Pavelka
logic [Pav79al, [Pav79bl [Pav79c| (see also Section 5.4 of [H4j98]) and the first-order
continuous logic framework of Ben Yaacov and Usvyatsov [BYUI0).

To make this more precise, consider the following logic £y. The semantics is given
by the class of continuous metric structures, that is, metric spaces with uniformly
continuous functions and uniformly continuous [0, 1]-valued predicates, the distance
being considered a distinguished predicate which replaces the identity relation.
The sentences of Ly are [0, 1]-valued and they are built as follows. The atomic
formulas are the predicate symbols and the distance symbol applied to terms. The
connectives are the Lukasiewicz implication (z — y = min{l — z + y,1}) and the
Pavelka rational constants, i.e., for each rational r in the closed interval [0,1] a
constant connective with value r (these are sufficient to generate, as uniform limits,
all continuous connectives). The quantifiers are V and 3 are interpreted as infima
and suprema of truth-values, respectively (only one of them is needed).

We observe that the restriction of £y to the class of discrete metric structures
is first-order logic, its restriction to the class of 1-Lipschitz structures is predicate
Lukasiewicz-Pavelka logic, and its restriction to the class of complete structures
yields the continuous logic framework of [BYU10], called continuous logic in recent
literature.
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In general, a formula ¢(Z) of an arbitrary [0, 1]-valued logic £ assigns to each
structure M of its semantic domain and each tuple @ in M a truth-value ¢™ (a)
belonging to [0,1]. In this context, we may define a satisfaction relation: M =g
p[a] if and only if oM (@) = 1. Based on ¢, we introduce classical notions as
consistency, semantical consequence, etc.

If X\ is an uncountable cardinal and T is a theory of cardinality < A in a logic £,
we will say that a partial type X(x) of £ is A-principal over T if there exists a set of
formulas ®(x) of cardinality < A such that T'U ®(x) is consistent and T U ®(z) =¢
Y(x). The notion of w-principal is sligthly more involved (see Definition .

A logic £ satisfies the A\-omitting types property if whenever T is a consistent
theory of £ of cardinality < A and {X;(z)};<x is a set of types that are not A-
principal over T' there is a model of T' that omits each ¥;(x).

In the first part of the paper we prove the following result:

Theorem 1. L, satisfies the A-omitting types property, for every infinite cardi-
nal \.

In the second part we show that this property for uncountable cardinals charac-
terizes Lg:

Theorem 2. Let L be a [0, 1]-valued logic that extends Lo and satisfies the following
properties:

- The \-omitting types property for every uncountable cardinal A\,

- Closure under the of Lukasiewicz-Pavelka connectives (see below) and the
existential quantifier,

- Fvery continuous metric structure is logically equivalent in L to its metric
completion.

Then every sentence in L is is a uniform limit of sentences in L.

By restricting Theorem 2 to the class of 1-Lipschitz structures we obtain a char-
acterization of Lukasiewicz-Pavelka logic, and by restricting it to the class of com-
plete structures we obtain an analogous characterization of continuous logic. See
Corollary [I.7] However, the latter case uses a form of the A\-omitting types prop-
erty asserting that the type-omitting structure is complete. This version requires
a stronger notion of type principality, but it follows from the A-omitting types
property of Lg.

Our proof of the A\-omitting types property is based on a general version of the
Baire category theorem (Proposition. The proof covers at once the uncountable
case and, with a minor modification, the case A = w. (See Theorem3.6}) The count-
able case is not new; omitting types theorems for [0, 1]-valued logics over countable
languages have been proved by Murinova-Novék [MNOG] (for Lukasziewicz-Pavelka
logic) and by Henson [BYUO07, BYBHUOQS] (for complete metric structures).

Our approach is topological. The usefulness of topological methods to study
model-theoretic properties of abstract logics is at the heart of several papers by the
first author (see, for example, [Cai93] [Cai95l [Cai99]). The topological approach
followed in those papers is particularly well-suited for settings such as those con-
sidered here, where the logics at hand do not have negation in the classical sense.
In such settings the assumption that the space of structures is topologically regular
serves as the “correct” replacement of the classical negation. (Indeed, the collab-
oration between both authors originated with the realization that the concept of
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regular logic, which was isolated by the first author, is equivalent to the concept
of logics with weak negation that was introduced by the second author in [Tov01].)
Utilizing these ideas, the first author has proved topological versions of Lindstréom’s
first theorem for first-order logic [Caill [Cai2).

The paper is self-contained; no previous familiarity with abstract model theory,
with Lukasiewicz logic, or with continuous logic is presumed. The basic definitions
are given in Section[I] Section [2]introduces the topological preliminaries. Section [3]
is devoted to the proof of the A-omitting types property, and Section [4] contains the
proof the Main Theorem, Theorem 2.

This paper evolved from a manuscript prepared by Jonathan Brucks within his
master’s degree research, under the supervision of both authors, during the aca-
demic year 2010-2011.

This collaboration was partially supported by NSF Grant DMS-0819590. The
first author received support from the Faculty of Sciences Research Fund at Uni-
versidad de los Andes.

1. STRUCTURES AND LOGICS

1.1. Continuous metric structures. Although, for simplicity, we will focus on
[0, 1]-valued continuous metric structures, our results regarding continuous logic
may be easily extended to bounded R-valued structures, or even unbounded struc-
tures, if we decompose them into bounded ones (see Section ), thus we prefer
to give the more general definition of continuous metric structure.

Definition 1.1. A continuous metric structure (or simply a structure) M consists
of the following items:

(1) A family (M;,d;);er of metric spaces.

(2) A collection of functions of the form

FIMiIX---XMi — M,

07

n

called the operations of the structure, each of which is uniformly continuous
on every bounded subset of its domain.
(3) A collection of real-valued functions of the form

RZ]\4Z‘1 X"'XMZ‘”—>R,

called the predicates of the structure, each of which is uniformly continuous
on every bounded subset of its domain.

The constants of a structure are the 0-ary operations of the structure.

The metric spaces M; are called the sorts of M, and we say that M is based
on (M;)ier- If M is based on (M;);cr, we will say that a structure is discrete
if for each ¢ € I the distinguished metric on the sort M; is the discrete metric,
and all the predicates of M take values in {0,1}. Note that if M is a discrete
structure, the uniform continuity requirement for the operations and predicates of
M is superfluous. A structure is complete if all of its sorts are complete metric
spaces.

Let M be a structure based on (M;);cr. If (F}) e is a list of the operations of
M, and (Ry)rex is a list of the predicates of M, we may write

M = (M;, Fj, Ry.)ier,jerkeK-
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If a1,...,a, € M;, we denote by a the list of elements a1,...,a, and write
simply a € M;. When the context allows it, we also denote by a denote the tuple
(ai1,...,ay) by a. If it becomes necessary to refer to the length of a list or tuple of
elements a, we denote it by ¢(a).

Examples of non-discrete structures include normed spaces, Banach algebras,
Banach lattices, and operator spaces. For more examples, see [HI02, Examples 2.2]
and [BYBHUOQS, Examples 2.1].

If a continuous metric structure M is based on a single metric space (M, d), we
say that M is a one-sorted structure. In this case we call (M, d) the universe of M.
For simplicity, we shall restrict our attention to one-sorted metric structures.

Note that, informally, we use the same letter to denote a structure and its uni-
verse. We follow this convention throughout the paper.

Let M be a continuous metric structure, and let N be a metric space that
extends M and contains M as a dense subset. By the uniform continuity condition
in Definition [1.1] each operation or predicate of M has a unique extension to an
operation or predicate of V.

The completion of a continuous metric structure (M, F;, R;)icr, jes is the struc-
ture (M, F;, Ej)ig,je], where M is the metric completion of M and Fj, Rj are the
unique extensions of Fj, R; from the appropriate powers of M to the corresponding
powers of M.

We call a one-sorted continuous metric structure bounded if its universe is bounded.

1.2. Signatures. In order to treat a metric structure M model-theoretically, it is
convenient to have a formal way of indexing the operations and predicates of M,
and specifying moduli of uniform continuity for them; this is a signature for M.

Definition 1.2. Let M be a bounded continuous metric structure with metric d.
A signature for M is a pair S = (S, U), where:

(1) S is a first-order vocabulary consisting of the following items: for each
operation F' : M™ — M of M (respectively, predicate R : M™ — R of
M), a pair of the form (f,n) (respectively, (P,n)), where f and P are
syntactic symbols called n-ary operation symbol and n-ary predicate symbol,
respectively. If n = 0, f is called a constant symbol. In this context, F is
denoted fM and called the interpretation of f and R is denoted PM and
similarly called the interpretation of P.

(2) U is a family of uniform continuity moduli for the symbols of S, that is:
U assigns to each each n-ary function symbol f or predicate symbol P of
S an associated function ¢ : QN (0,1) — QN (0,1) such that for every
ecQn(0,1) and all @ = ay,...,a, € M and b=by,...,b, € M,

sup d(a;, b)) < 6(e) = d(fM(a), fMb)) <e

1<i<n
in the first case and

sup dlai,b) < d(e) = |[PM(@)— PM(b)| <e
1<i<n
in the second.
If S = (S,U) is a signature for M, we say that M is an S-structure or an S-
structure, depending on whether the uniform continuity moduli of U need to be
made explicit for the context.
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If S = (S,U) and U assigns to each symbol of S the identity function, and S will
be called a 1-Lipschitz-structure.

Note that if M is a Lipschitz S-structure, then d(f™(a), fM(b)),|PM(a) —
PM(b)| < supy <<, d(a;,b;) for every n-ary function symbol f and predicate symbol
P of S. o

If S, S’ are vocabularies, we write S C S’ if every operation and predicate symbol
in S is in S’ with the same arity. In this case we say that S’ is an extension of S.

Let S, 5’ be vocabularies with S C S’ and suppose that N is an S’-structure.
The reduct of N to S, denoted N [ S, is the S-structure that results by removing
from N the operations and predicates that are indexed by S’ but not S. We say
that a continuous metric structure N is an expansion of a structure M if M is a
reduct of N.

Let S be a vocabulary and suppose that M and N are S-structures. We say
that M is a substructure of N (or that N is an extension of M) if the following
conditions hold:

- The universe of N contains the universe of M, and the distinguished metric
of N extends the distinguished metric of M.

- For every operation symbol f of S, the operation f extends f™.

- For every predicate symbol P of S, the predicate P extends PM.

Let S be a vocabulary and let M, N be S-structures. A metric isomorphism
between M and N is a surjective isometry T : M — N which commutes with the
interpretation of the operation and predicate symbols of S. We say that M and NV
are metrically isomorphic (or simply isomorphic), and write M ~ N if there exists
a metric isomorphism between M and N.

Clearly, if S is a signature and M is an S-structure, then every structure that is
metrically isomorphic to M is also an S-structure.

A renaming is a bijection between vocabularies that sends function symbols to
function symbols, predicate symbols to predicate symbols, and preserves arities. If
M is an S-structure and p : S — S’ is a renaming, we denote by M* the S’-structure
that results from converting M into an S’-structure through p.

1.3. Logics. The formal definition of model-theoretic logic was introduced by P. Lind-
strom in his famous paper [Lin69]. Lindstrom’s original definition of logic was in-
tended for classical structures, i.e., discrete structures. Here we will use it for the
more general context of continuous metric structure given in Definition [I.1] In gen-
eral, throughout the paper, the word “structure” will stand for “continuous metric
structure”.

Definition 1.3. A logic £ is a triple (X, Sent, =), where X is a class of metric
structures that is closed under under isomorphisms, renamings and reducts, Sent g
is a function that assigns to every vocabulary S a set Sent(S) called the set of
S-sentences of £, and = is a binary relation between structures and sentences,
such that the following conditions hold:
(1) If S € 9, then Sent; (S) C Sent g (S').
(2) If M =1 ¢ (i-e., if M and ¢ are related under =), then there is a vocab-
ulary S such that M is an S-structure in K and ¢ an S-sentence.
(3) Isomorphism Property. If M, N are isomorphic structures in X, then N =
®.
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(4) Reduct Property. It S C S’ ¢ is an S-sentence, and M an S’-structure in
X, then

MEs ¢ if and only if (MT15S)Es e

(5) Renaming Property. If p: S — S’ is a renaming, then for each S-sentence
 there is an S’-sentence p? such that M |, ¢ if and only if M? =, pf
for every S-structure M in K. (Recall that M* denotes the structure that
results from converting M into an S’-structure through p.)

If M =1 ¢, we say that M satisfies o, or that M is a model of .

The study of abstract logics is known as abstract model theory. For a survey,
the reader is referred to [BEFS5].

A logic £ is said to be closed under conjunctions if given any two L-sentences
, 1 there exists an L-sentence ¢ A 1 such that for every structure M

ME: oMY if and only if ME;e and Mz .

Similarly, £ is said to be closed under disjunctions if given two L-sentences ¢,
there exists an L-sentence ¢ V ¢ such that for every structure M

MEs oV if and only if MEge or MEg .

A logic £ is said to be closed under negations if given an L-sentence ¢ there exists
an L-sentence —p such that for every structure M

M =g —p if and only if M ¥ .
Abstract logics without negation have been studied in [Iov01l [GMO04, [GMV05].

Convention 1.4. We will assume that all logics are closed under finite conjunctions
and disjunctions, but not necessarily under negations. We will also assume that
every logic £ mentioned is nontrivial in the following sense: for every structure M,
there is a sentence ¢ such that M ¥ .

Definition 1.5. Let £ be a logic and let S be a vocabulary.

(1) An S-theory (or simply a theory if the vocabulary is given by the context)
of £ is a set of S-sentences of L.

(2) Let T be an S-theory of £. If M is an S-structure such that M =z ¢ for
each ¢ € T, we say that M is a model of T and write M =, T.

(3) A theory is consistent if it has a model.

If ¢ € Sent;(S) for some vocabulary S, but there is no need to refer to the
specific vocabulary, we may refer to ¢ an L-sentence. Similarly, when T is an S-
theory for some vocabulary S and there is no need to refer to S, we may refer to T
as an L-theory.

If S is a vocabulary, T = x1,...,x, is a finite list of constant symbols not in 5,
and ¢ is an (SU{Z})-sentence, we emphasize this by writing ¢ as ¢(Z). In this case
we may say that ¢(Z) is an S-formula. If M is an S-structure and @ = ay,...,a,
is a list of elements of M, we write

(M,a1,...,an) Ec o(z1,...,2,)
or
M |=¢ olal
if the SU{Z} expansion of M that results from interpreting x; by a; (fori =1,...,n)
satisfies ¢(Z).
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Definition 1.6. Let M, N be S-structures. We say that M and N are equivalent
in £, and write M =, N, if for every S-sentence ¢ we have M =, ¢ if and only if

Nz o

If M is a structure and A is a subset of the universe of M, we denote by (M, a)sca
the expansion of M that results by adding a constant symbol for each element of
A. The structure (M, a)qc4 is said to be an expansion of M by constants.

Definition 1.7. Let £ be a logic and let M, N be S-structures with M a substruc-
ture of N. We say that M is an elementary substructure of N (with respect to £),
and write M <z N, if (M,a)qca = (N,a)aca-

Recall that a signature is a pair S = (S,U), where S is a first-order vocab-
ulary and U is a family of uniform continuity moduli for the symbols of S (see

Definition .
Definition 1.8. Let £ be a logic.

(1) If X is an infinite cardinal, £ is A-compact if whenever S is a signature and
T is an S-theory of cardinality < A such that every finite subset of T is
satisfied by an S-structure, the theory T is satisfied by an S-structure.

(2) L is compact if it is A-compact for every infinite .

The following concept will be needed for the statement of the Main Theorem
(Theorem [4.1)).

Definition 1.9. We say that a logic £ has the finite occurrence property if for
every vocabulary S and every S-sentence ¢ there is a finite vocabulary Sy C S such
that ¢ is an Sy-sentence.

1.4. [0,1]-valued logics. Hereafter, for simplicity, we focus on [0, 1]-valued struc-
tures, i.e., continuous metric structures where the distinguished metric and all the
predicates take values on the closed unit interval [0, 1]. More general structures are
discussed in Section [L.7

We now refine Lindstrém’s definition of logic (Definition [L.3):

Definition 1.10. A [0, 1]-valued logic is a triple (X, Sent, V), where X is a class of
metric structures that is closed under under isomorphisms, renamings and reducts,
Sent is a function that assigns to every vocabulary S a set Sent . (S) called the set
of S-sentences of £, and V is a functional relation such that the following conditions
hold:

(1) If S C 9, then Sent. (S) C Sent (S').

(2) The relation V assigns to every pair (¢, M), where ¢ is an S-sentence of £
and M is an S-structure in X, a real number o™ € [0,1] called the truth
value of ¢ in M.

(3) Isomorphism Property for [0, 1]-valued logics. 1f M, N are metrically iso-
morphic structures in X and ¢ is an S-sentence of £, then o™ = .

(4) Reduct Property for [0, 1]-valued logics. If S C S, ¢ is an S-sentence of £,
and M an S'-structure in X, then oM = @M15,

(5) Renaming Property for [0,1]-valued logics. If p : S — S’ is a renaming,
then for each S-sentence ¢ of £ there is an S’-sentence ¢ such that ™ =
(©”)M" for every S-structure M in K.
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Definition 1.11. If £ is a [0, 1]-valued logic, ¢ is an S-sentence of £ and M is an
S-structure such that o™ = 1, we say that M satisfies o, or that M is a model of
v, and write M =; ¢.

Note that if £ is [0, 1]-valued logic, then (Sentz,=.) is a logic in the sense of
Definition Therefore we may apply to £ all the concepts and properties defined
so far for plain logics.

Definition 1.12. The Lukasiewicz implication is the function —, from [0, 1] into
[0, 1] defined by
z—oLy=min{l —z+y,1}.

Note that x =,y =1 is and only if z < y.

Definition 1.13. We will say that a [0, 1]-valued logic £ is closed under the basic
connectives if the following conditions hold for every vocabulary S:
(1) If p,9 € Sent(S), then there exists a sentence ¢ —1, ¢ € Sents(S) such
that (¢ —1 )M = ()M —1,(1)M for every S-structure M.
(2) For each rational r € [0,1], the set Sent.(S) contains a sentence with
constant truth value r. These sentences are called the constants of L.

Notation 1.14. If £ is a [0, 1]-valued logic that is closed under the basic connectives
@ is a sentence of £, and r is a constant of £, we will write ¢ < r and ¢ > r, as
abbreviations, respectively, of ¢ —1 r and r —, .

Remark 1.15. Let £ be a [0, 1]-valued logic and let S be a vocabulary. If M
is an S-structure of £, ¢ is an S-sentence of £, and r is a constant of £, then
M g ¢ <rifand only if ™ <7, and M |=¢ ¢ > 7 if and only if ¢ > r; thus,
the truth value ™ is determined by either of the sets

{TEQQ[O,1]|M):L§0§T}, {TEQQ[O,1]|M':LQDZT}-

The following proposition will be invoked multiple times in the paper; the proof
is left to the reader.

Proposition 1.16. Let £ be a [0,1]-valued logic that is closed under the basic
connectives, let p be an S-sentence of £, and let r,s be constants of L. Then, for
every S-structure M, one has

(1) ™ < (p=m)™.

2) (p=r) =M =(p>(r+s—1)".
Notation 1.17. If £ is a [0, 1]-valued logic that is closed under the basic connectives

and @, ¥ are sentences of £, we write ~¢ and ¢ V 1, as abbreviations, respectively,
of ¢ —1,0 and (¢ =1, 9¥) =19, and @ A ¢ as an abbreviation of —(—¢ V —)).

Note that for every S-structure M, one has
(e <)M =1~ ()",
(o V) =max{p™, M},
(o A )™ =min{p", »M}.
In particular, every [0, 1]-valued logic that is closed under the basic connectives is
closed under conjunctions and disjunctions.

We will refer to any function from [0, 1]™ into [0, 1], where n is a nonnegative
integer, as am n-ary connective. The Lukasiewicz implication and the Pavelka
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constants are continuous connectives, as are all the projections (x1,...,2,) — ;.
The following proposition states that any other other continuous connective can be
approximated by finite combinations of these.

Proposition 1.18. Let C be the class of connectives generated by the Lukasiewicz
implication, the Pavelka constants, and the projections through composition. Then
every continuous connective is a uniform limit of connectives in C.

Proof. Since € is closed under the connectives max{x,y} and min{z,y}, by the
Stone-Weierstrass theorem for lattices [GJ76l pp. 241-242], we only need to show
that the connectives rx, where r is a dyadic rational, can be approximated by
connectives in C.

Notice that if z € [0,1],

1 Ny (i i
51’ = h’rIlnF\/l (n /\_'(x—>L n)) .

Hence, since the truncated sum @ : [0,1]? — [0,1] is in € (as x @ y = —~x =1 ¥y), s0
are all the connectives (%x + -+ 2%):& for any positive integer n. O

The following concept will be invoked in the statement of the Main Theorem
(Theorem [4.1)).

Definition 1.19. Let £ be a [0, 1]-valued logic. We say that £ is closed under
existential quantifiers if given any any S-formula ¢ (z) there exists an S-formula Iz
such that for every S-structure M one has (Jzp)M = sup,ca(¢la]™). Similarly,
we say that £ is closed under universal quantifiers if given any any S-formula
©(x) there exists an S-formula Vay such that for every S-structure M one has

(Vo)™ = infaen (pla]™).

1.5. Basic continuous logic, continuous logic, and Lukasiewicz-Pavelka
logic. In this subsection we define two particular [0, 1]-valued logics that have
been studied in the literature, namely, the continuous logic framework of [BYU10)]
and the Lukasiewicz-Pavelka logic (see Section 5.4 of [H4j98]). Both are logics for
continuous metric structures. Traditionally, both logics have focused on particular
classes of structures: the emphasis in continuous logic is in complete structures with
arbitrary uniform continuity moduli, while in Lukasiewicz-Pavelka logic the focus
has been on structures whose operations and predicates are 1-Lipschitz. However,
model-theoretically, both can be seen as restrictions to specific classes of structures
of a logic £ that we introduce here and call basic continuous logic. More precisely,
we will define two base logics: Ly and an extension £ of Lp; the logic £; has a
richer syntax than Lg, but, as we observe the two logics are equivalent for model-
theoretic purposes (see Remark and Proposition . Continuous logic is the
restriction of £ to the class of complete structures, and Lukasiewicz-Pavelka logic
is the restriction of Lo to the class of 1-Lipschitz structures.

Basic continuous logic. The class of structures of basic continuous logic,
Lo, is the class of structures is the class of all metric structures. The class of
sentences of L is defined as follows. For a vocabulary S, the concept of S-term is

defined as in first-order logic. If ¢(x1,...,2,) is an S-term (where x1,...,z, are
the variables that occur in t), M is an S-structure, and aq, ..., a, are elements of
M, the interpretation tM[ay, ..., a,] is defined as in first-order logic as well. The

atomic formulas of S are all the expressions of the form d(t1,t2) or R(t1,...,tn),
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where R is an n-ary predicate symbol of S. If ¢(x1,...,x,) is an atomic S-formula
with variables z1,...,z, and aq,...,a, are elements of and S-structure M, the
interpretation M [ay,...,a,] is defined naturally by letting

R(ty,...,tp)May,...,a,] = RM(tMay,. .. a,], ..., tM[a1,. .., an))
and
d(tl,tg)M[al, ey an] = dM(t{w[al, ey an},té\/l[al, ceey an])
The S-formulas of basic continuous logic are the syntactic expressions that re-
sult from closing the atomic formulas of S under the Lukasiewicz implication, the
Pavelka constants, and the existential quantifier; formally, the concept of S-formula

and the interpretation ¢ of a formula ¢ in a given structure M are defined in-
ductively by the following rules:

- All atomic formulas of S are S-formulas.

- Iz, ..., zn) and Y(z1, . . ., z,) are S-formulas, then 1 —, 9 is a formula;
if a1,...,a, € M, the interpretation (¢ —1,v)M[ay,...,a,] is defined as
WMlay, ..., a,)) =L(@May, ..., a,)).

- I p(xq, ..., 2, ) is an S-formula, then Iz is a formula; if ay,...,a, € M,

the interpretation (3z¢)M (a1, ..., a,] is defined as sup,¢ 5 (¢la)™ a1, . . ., an)),
- For every rational r € [0, 1] there is an S-formula, denoted also r, whose

interpretation in any structure is the rational r.

A sentence of Lg is a formula without free variables, and the truth value of
a S-sentence ¢ in an S-structure M is M. We write M |=¢, @lai,...,a,] if
olai,...,a, )M =1.

Recall that in any [0, 1]-valued logic that is closed under the basic connectives,
the expressions —p, ¢ Vi, p A, ¢ < r, and ¢ > r are written as abbreviations
of ¢ =10, (p =1L ¥) =LY, 7(mpV ), p =17, and r —, p, respectively. In basic
continuous logic we also regard V¢ as an abbreviation of —=3x—.

The logic £;. The logic £; is defined just as Ly, with the difference that
instead of taking the closure under the Lukasiewicz-Pavelka connectives one takes
the closure under all continuous connectives (and the existential quantifier).

Proposition [1.18] gives us the following remark, which will allow us to transfer
model-theoretic results between £y and £1:

Remark 1.20. For every S-formula ¢(Z) of £; and for every € > 0 there exists
a formula (%) of basic continuous logic such that [ [a] — yM[a]| < € for every
complete S-structure M and every tuple a in M with ¢(a) = ¢(z). It follows that if
M, N are S-structures, then M =, N if and only if M =, N, and M =<, N if
and only if M <z, N. Moreover, Corollary below gives us that every structure
is equivalent in £y (and £1) to its metric completion.

Continuous logic. Continuous logic is simply the restriction of £ to the
class of complete metric structures. This logic was introduced by Ben Yaacov and
Usvyatsov [BYUI0O] as a reformulation of Henson’s logic for metric spaces; Ben
Yaacov and Usvyatsov called it continuous first-order-logic. E|

LContinuous logic is an instance of the more general concept of continuous logic studied by
Chang and Keisler in [CK66|, and was proposed by Ben Yaacov and Usvyatsov as a reformulation
of Henson’s model theory of complete metric spaces. For a survey of Henson’s logic as it regards
structures based on normed spaces, see [HI02]. The more general framework devised by Henson
for arbitrary continuous metric structures was never published.
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Lukasiewicz-Pavelka logic. The formulas of Lukasiewicz-Pavelka logic are like
those of basic continuous logic, with the difference that in place of the distinguished
metric d one uses the similarity relation x ~ y. However, there is a precise corre-
spondence between the two relations, namely, d(z,y) is 1 — (z ~ y) (in other words,
the two relations are negations of each other); see Section 5.6 of [H&j98]|, especially
Example 5.6.3-(1). Also, in Lukasiewicz-Pavelka logic, in place of the uniform con-
tinuity requirement given in Definition [I.2} for each n-ary operation symbol f, one
has the axiom

(1 =yt A ANag = yn) =>L(f(@r. o zn) = fyr,- . yn))s

and similarly, for each n-ary predicate symbol R, one has the axiorrﬁ
(Trmp A Aep =y, =L(R(z1 ... x,) <L Ry, -Yn))-

See Definition 5.6.5 of [H4j98]. Thus, Lukasiewicz-Pavelka logic is the restriction of
basic continuous logic to the class of 1-Lipschitz structures, i.e., structures whose
operations and predicates are 1-Lipschitz.

Historically, Pavelka extended Lukasiewicz propositional logic by adding the ra-
tional constants, and proved a form of approximate completeness for the resulting
logic. See [Pav79al, [Pav79bl [Pav79c] (see also Section 5.4 of [H4j98|.) This is known
as Pavelka-style completeness. Lukasiewicz-Pavelka logic is also referred to in the
literature as rational Pavelka logic, or Pavelka many-valued logic. Novak proved
Pavelka-style completeness for predicate Lukasiewicz-Pavelka logic, which he calls
“first-order fuzzy logic”, first using ultrafilters [Nov89l Nov90], and later using a
Henkin-type construction [Nov95]. Another proof of Pavelka-style completeness for
predicate Lukasiewicz-Pavelka logic was given by Hajek; see [H4j97] and [H&j98|
Section 5.4]. Hajek, Paris, and Stepherson have proved that Lukasiewicz-Pavelka
logic is a conservative extension of Lukasiewicz predicate logic [HPS00].

Model-theoretic properties of Ly and £;. We now state, without proof,
some of the fundamental properties of basic continuous logic. Versions of Theo-
rems [T.21] [T.22] and [I.25] were first proved by Henson in the mid 1970’s, for Banach
spaces instead of general metric structures, and using Henson’s logical formalism of
positive bounded formulas instead of [0, 1]-valued logics. (Henson’s apparatus was
one of the main motivations for the development of continuous logic.)

The most distinctive model-theoretic property of basic continuous logic is com-
pactness:

Theorem 1.21 (Compactness of basic continuous logic). Let S be a signature and
let T be an S-theory of basic continuous logic. If every finite subtheory of T s
satisfied by an S-structure, then T is satisfied by an S-structure; furthermore, this
structure can be taken to be complete.

Theorem can be proved by taking ultraproducts of [0, 1]-valued structures.
The argument is simple, but we omit the details, as they are not directly relevant
to the rest of the paper.

One obtains compactness for continuous logic by restricting Theorem [I:21] to
complete structures and invoking Remark Restricting the theorem to 1-
Lipschitz structures yields compactness of Lukasiewicz-Pavelka logic, but it must be
noted that in this case the 1-Lipschitz condition makes it unnecessary to fix uniform

2Here we use (o <31, ) as an abbreviation of (a—, 8) A (8 =1 a).
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continuity moduli; in other words, for Lukasiewicz-Pavelka logic, the statement of
Theorem holds with the signature S replaced by a vocabulary S.

If M is a structure and A is a subset of the universe of M, we denote by (A)
the closure of A under the functions of M, and by M | (A) the substructure of M
induced by (A).

Theorem 1.22 (Tarski-Vaught test for basic continuous logic). Let M be an S-
structure. If A is a subset of M and S(A) is extension of S that includes a constant
symbol for each element of A, the following conditions are equivalent:
(1) M1 (A 2z, M.
(2) For every S(A)-formula ¢(zx), if M =z, @[b] for some element b of M,
then for every rational r € (0,1) there is an S-term t(Z) and elements a of
r

A such that M =g, o[t(a)]

A direct consequence of Theorem [1.22]is the following property:

Corollary 1.23. Let M be a metric structure and let N be a substructure of M.

(1) If N is dense in M, then N <5, M. In particular, every structure is
equivalent in Lg to its metric completion.

(2) If N <z, M, and N s the topological closure of N in M, then N~ =g,
M

It follows from the main result of [Iov01] that no [0, 1]-valued logic for continuous
metric structures that extends basic continuous logic properly satisfies the compact-
ness property and the Tarski-Vaught test. In other words, basic continuous logic is
maximal with respect to these two properties.

Now we turn our attention to the downward Lowenheim-Skolem-Tarski theorem
for basic continuous logic. We will use two versions of this theorem; the first version
is for arbitrary continuous metric structures (Theorem and the second one is
for complete structures (Theorem . In the continuous logic literature, where
complete structures are emphasized, only the second version is stated; however, the
standard argument used to prove the second version proceeds by first showing that
the first version holds, and then taking completions and invoking Corollary
We state the first version as a separate theorem, for it will be needed in the proof
of Lemma [3.15)).

Theorem 1.24 (Lowenheim-Skolem-Tarski theorem for continuous metric struc-
tures). For every S-structure M and every subset A of M there exists a substructure
N of M such that

(1) N =g, M,

(2) ACN,

(3) NI < [A]+ S|+ Ro.

The version for complete metric structures is analogous, but in this context the
“correct” measure of size of a structure is its density, rather than its cardinality.
The density character (or simply density) of a metric space M, denoted density (M),
is the smallest cardinal of a dense subset of M.

Theorem 1.25 (Lowenheim-Skolem-Tarski theorem for complete metric struc-
tures). For every complete S-structure M and every subset A of M there exists
a complete substructure N of M such that
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(1) N =¢, M,
(2) ACN,
(3) density(N) < density(A) + |S| + No.

1.6. Relativizations to discrete predicates. It is often helpful to know that
the fact that a predicate is discrete, in the sense that it only takes on values in
{0,1}, can be expressed using formulas of basic continuous logic:

Definition 1.26. Let M be an S-structure and let P a predicate symbol of S. We
define Discrete (P(Z)) to be the S-formula

P(z) v ~P(3),
and call PM discrete if M = VZ Discrete (P(Z)).

Definition [.26] will play an important role in the proof of the Main Theorem
(Theorem [4.1)).

Let S be a vocabulary and let P(z) be a monadic predicate not in S. If M is
a (S U {P})-structure such that PM is discrete, and a valid S-structure of £ is
obtained by restricting the universe of M to {a € M | M |=; Pla]}, we denote
this structure by M | {z | P(z)}. Note that if M is complete, the continuity of
P ensures that the preceding structure, when defined, is complete. If ¢ is an S-
formula of continuous logic, the relativization of ¢ to P, denoted @t*1P(®)} or P,
is the (S U {P})-formula defined by the following recursive rule:
|P(z)

- If ¢ is atomic, then pl{® tis .

- If ¢ is of the form C(i1,...,1,), where C is a connective, then @i*1P(®)}
is C(plrIP@) ylalP@))

- If ¢ is of the form Ja1p, then {=IP@)} is Jy(h(y) A plzIP@h),

- If ¢ is of the form V1), then {#IP®@)} is Vy(—ap(y) v iz P@h,

Then, if M and P are as above, we have
(Qp{zlP(r)})M = pMHzIP@)}

In the preceding rule, instead of the monadic predicate P(z) we may have a
binary predicate symbol R(x,y); this shows that the logics discussed in this section
have the following property:

Definition 1.27. We will say that a [0, 1]-valued logic £ permits relativization to
definable families of predicates if for every vocabulary S, every S-sentence ¢ and
every predicate symbol R(z,y) not in S there is an (SU{R})-formula v (z), denoted
oWIE@ Y} (2), such that the following holds: whenever M is an (SU{R})-structure
such that for every a in M,

- either M | Rla,b] or M = —RJa,b] for every b in M, and

- (M,a) [ {y| R(z,y)} is defined as a structure of £,

one has
(pIREH M) — HMHYIR@Y}[g),

In this case, we call the formula p{VIF@ W} (2) a relativization of ¢ to {y | R(z,y) }.

A logic £ has the Léwenheim-Skolem property for sentences if every sentence
of £ that has a model has a countable model. The first author has proved the
following version of Lindstrom’s first theorem [Caill:
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Theorem 1.28. Let £ be an extension of continuous logic that satisfies the follow-
ing properties:
- Closure under the Lukasiewicz-Pavelka connectives and relativization to dis-
crete predicates,
- Compactness,
- The Lowenheim-Skolem property for sentences.

Then L is equivalent to continuous logic.
A similar result holds for extensions of first order Lukasiewicz-Pavelka logic,
under the additional assumption that any consistent theory has a complete model.

1.7. Beyond the interval [0, 1]. For simplicity, we have focused our attention on
continuous metric structures of diameter bounded by 1. The formalism of basic
continuous logic can be adapted to cover bounded structures of arbitrary diameter.
However, the resulting logic is not compact, but rather locally compact, in the
following sense:

Theorem 1.29. Let S be a signature. For every bounded S-structure M there is an
S-sentence ¢ and a rational r € (0,1) such that M |= ¢ and the following property
holds. If T is an S-theory such that every finite subset of T U {p > r} is satisfied
by an S-structure, then T U {p > r} is satisfied by an S-structure.

The main results of the paper, namely, Theorems and hold under this
wider semantics, although the second result holds locally only. One way to obtain
this generalization is to use 0 instead of 1 as designated truth value for |=, and the
truncated subtraction on [0, 1] instead of the Lukasiewicz implication.

2. LoGcics AND TOPOLOGIES

In this section we associate with every logic £ a topology that we call the logic
topology of L. The idea of using the logic topology to study properties of abstract
logics is due to the first author [Cai93] [(Cai95l [(Cai99]. We will focus on logics whose
logic topology is regular.

Let S = (S, U) be a signature. If £ is a logic, we will denote by Str; (S) the class
of S-structures of £. For every S-theory T of £, define

Modg(T) = { M € Str(S) | M |=¢ T }.

The following is the main definition of this section. This concept will play a
central role in our arguments.

Definition 2.1. Let £ be a logic and let S = (S,U) be a signature. The logic
topology on Str (S), denoted 74 (S), is the topology on Str. (S) whose closed classes
are those of Modg(T'), where T is a theory.

The following proposition follows directly from the definitions.

Proposition 2.2. Let £ be a logic and let S = (S, U) be a signature.
(1) L is compact if and only if the space (Strz(S), 7z (S)) is compact, for every
signature S.
(2) L is A-compact if and only if the space (Strz(S),7:(S)) is A-compact, for
every signature S.
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Since we are assuming that all logics are closed under finite disjunctions (see
Convention , the classes of the form

Mods(p) = { M € Strc(S) | M =z ¢},

where ¢ € Sent(5), are closed under finite unions. These classes form a base of
closed classes for the logic topology on Strg (S).

Convention 2.3. Let £ be a [0,1]-valued logic that is closed under the basic
connectives and let S be a signature. If ¢ is a sentence of £, and r € [0,1] is a
constant of £, we write

Modg(p < r) and Modg(p > r),
respectively, as abbreviations for the classes
Strz(S) \ Mods(p > 7) and Strz(S) \ Mods(p < r).

Note that the classes of the form Modg(¢ < 1) where ¢ € Sent (S) for a base for
7 (S). By replacing ¢ with —¢, it follows that the classes of the form Modg(p < 1)
for a base for 7. (S) as well.

2.1. Comparing logics through their topologies. Recall that a topological
space X is regular if and only it has a local base of closed neighborhoods, i.e.,
whenever x € X and U is a neighborhood of x there exists a neighborhood W of x
such that W C U. We shall focus our attention on logics whose logic topology is
regular. The following observation is useful to compare logics.

If (X,7) is topological space and z,y € X, one says that z and y are 7-
indistinguishable, denoted x = y, if every 7-neighborhood of x contains y and
every T-neighborhood of y contains x. Note that if (X, 7) is a regular topological
space and z,y € X, then x = y if and only if every 7-neighborhood of z contains
y. Also, {z€ X | 2 = x } is the T-closure of {z}. If 7,7’ are topologies on X and

any two 7-indistinguishable points of X are also 7/-indistinguishable, we will write
T 7'/

===
Suppose that 7 and 7/ are topologies on a set X such that 7 C 7. Clearly,

/
T

= = =. The following proposition shows that under sufficient compactness of 7/,

from = = = one can obtain 7 = 7/.
Recall that the weight of a topological space (X, 7) is the smallest possible car-
dinality of a base for 7.

Proposition 2.4. Let 7,7’ be reqular topologies on X such that 7 C 7" and == =,
If T has weight A and and 7' is A-compact, then 7/ = 7.

Proof. Let B be a base for 7 of cardinality A, and fix U € 7’ in order to prove U € 7.
Fix now € U and y € U°. Since z and y are 7'-topologically distinguishable and

== TE, there exist disjoint 7-open sets V, ,, W, , such that x € V, , and y € W, .
Without loss of generality, we may assume W, , € B. Since W, , € 7 C 7/, allowing
y to range over all elements of U and using the A-compactness of 7/, we obtain
V. € 7 such that x € V,, and V, C U. Since z is arbitrary in U, this shows that U
is T-open. [
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If S is a signature and M, N are S-structures of a logic £, then, clearly, M =, N
if and only if M and N are indistinguishable in the logic topology 7. (S) (see

Definition . If £ and L' are logics with the same class of structures, we will
. _ _ . "'L_(S) T/;’_(S) .

write =g = =, if =" = "= for every signature S.

Definition 2.5. Let £, £’ be logics with the same class of structures. We will say

that £’ extends £, and write £ < L', if 7(S) C 74/(S) for every signature S. We

will say that £ and £’ are equivalent, and write £ ~ L, if both £ < £’ and £’ < £

hold.

Note that the relation < defined above compares logics with respect to their
theories, and not their sentences.

Recall from Section that £y denotes continuous logic and £; denotes the
extension of £y that results from adding all continuous connectives.

Proposition 2.6. Ly ~ L.
Proof. Immediate from Remark O

Proposition 2.7. Let £ be a [0, 1]-valued logic that is closed under the basic con-
nectives and let S = (S,U) be a signature.

(1) Every S-sentence is a continuous function from (Strz(S), 74 (S)) into [0,1].

(2) (Strz(S),72(S)) is a regular topological space.

(3) If £ is compact and L' < L, then every sentence in Sents/(S) is a uniform
limit in Strg (S) of sentences in L.

Proof. The first two conclusions follow readily from the observation that if ¢ is a
sentence and r, s are rationals with 0 < r < s < 1, then ¢~ ![r, s] = Mods(p >
rAp <s).

To prove the third one, first notice that any S-sentence of £’ is continuous with
respect to 7./(S) and hence with respect to 74(S), so, by continuity, it factors
through the compact space Strg(S)/ =;. Regularity (part (2)) ensures that this
space is Hausdorff. The conclusion thus follows from the Stone-Weierstrass theorem
for lattices. O

Remark 2.8. One can define Str (S) and 7 (S) for any vocabulary S by replacing
S with S in the definitions of Strg(S) and 74 (S), respectively. Then clearly, the
proof (1) and (2) of Proposition holds true with S replaced by S, and the result
for signatures follows by restricting from Str(S) to the subspace Strg (S).

3. A GENERAL OMITTING TYPES THEOREM

The main result of this section is Theorem

3.1. A general version of the Baire category theorem. Let X be a topological
space and let x € X be given. Recall that a subclass G of X is a neighborhood of
x if there is an open subclass O of G containing x. If A is any infinite cardinal,
we will say that a subclass G of X is a A-neighborhood of x if G is an intersection
of less than A\ neighborhoods of x. We will say that G is a A-neighborhood if G
is a A-neighborhood of some point in X. This definition of A-neighborhood yields
naturally definitions concepts of A-open, A-interior, A-dense, etc.
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Definition 3.1. Let X be a topological space and A an infinite cardinal. We
will say that X has the A\-Baire Property if whenever {D;};< is a collection of
subclasses of X that are A-open and A-dense, the intersection (,_, D; is A-dense.

Note that the w-Baire Property is simply the classical Baire Property. Also, a
topological space X has the A-Baire Property if and only if a union of < A many
A-closed classes with empty A-interior has empty A-interior. This is immediate by
taking complements in Definition [3.1]

Note that if X is a regular topological space and U is a A-neighborhood of x,
then there exists a A-neighborhood W of x such that W CU.

Proposition 3.2. Every locally compact reqular topological space has the \-Baire
property for every infinite cardinal \.

Proof. Suppose {D;};<» are A-open and A-dense in X, and let O be a nonempty
A-open subclass of X. We must show that O N (7),_, D; is nonempty. Below we
define, recursively, a decreasing sequence (U;);<x of A-neighborhoods such that

(1) Uy is compact and Ug C O,

(2) U; C Dy, fori < A,

(3) UngifOTi<j<>\.
The construction is as follows. For ¢ = 0, the set DyN O is nonempty by hypothesis
and A-open by construction, so, by regularity and local compactness, there exists a
A-neighborhood Uy such that Uy € Dy N O and Uy is compact.

Assume that i < A is positive and U; has been defined for j < i with the

properties indicated above. Then ﬂj<i U, # 0: if i is successor, say, i = jo + 1, this
is because (;, U; = Uj,, and if i is limit, N, _, U; = ﬂj<in, which is nonempty

by the compactness of Uy. Since D; is A-dense, D; N U; is nonempty, and

j<i s
by regularity of the topology we can find a A-neighborhood U; such that U; C
DN j<i U;. This; concludes the recursive definition. Finally, by compactness, we
obtain @ # (), Ui € ;cx DiNO.

O

Corollary 3.3. Let A be an infinite cardinal. If X is locally compact reqular topo-
logical space and {Gi}i<x is a collection of A-open subclasses of X, then (1,5 Gi
has the A\-Baire property.

Proof. Similar to the proof of Proposition but with the added condition that
U; C G; for every ¢ < . O

3.2. Statement of the general omitting types theorem. Let £ be a logic and
let S be a signature. If £ = x1, ..., x, a finite list of constant symbols not in S and
Y is a set of (S U {Z})-sentences, we emphasize this by writing ¥ as X(z). If M is
an S-structure and @ = aq, ..., a, is a tuple of elements of M such that M = ola]
for every o(Z) € ¥(z), we say that M satisfies ¥(Z), and that a realizes (%) in
M. If T is an S-theory and M is an S-structure that satisfies TUX(Z), we say that
Y (Z) is an S-type of T.

IfT'(z), X(z) are S-types for a theory T', we write T, T'(Z) =1 s X(Z) if whenever
M is an S-structure that is a model of T, every realization of I'(Z) in M is also
a realization of X(Z). If the signature S is given by the context, we may write
T,I(Z) =c X(Z) instead of T,I'(Z) =r.s X(Z).
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Definition 3.4. Let T be a consistent S-theory and let 3(Z) be an S-type of T

(1) If A is an uncountable cardinal, we will say that X(z) is A-principal over T
if there exists a set of S-formulas ®(Z) of cardinality less than A such that
(a) T U ®(Z) is satisfiable by an S-structure, and
(b) TUD() s 5().
(2) We will say that X(Z) is w-principal over T if there exist terms t1 (), . . . , tn(7),
where n = £(Z) and a single formula ¢(7) such that
(a) TU{p(y)} is satisfiable by an S-structure, and
(b) TU{p(§) >r} =r.s B(t1(9), - -, tn()), for some r € QN (0, 1).
In each case, we will say that ¥(Z), respectively, ¢(Z), generates 3(Z) over T

If ¥(z) is an S-type for T and M is a S-structure that is a model of T', we will
say that M omits X(Z) if it does not realize it, i.e., if for every a € M, there is
o(Z) € X(z) such that M =, ofa] < 1.

Definition 3.5. Let £ be a logic and A an infinite cardinal. We will say that £
has the A-omitting types property if whenever T is an S-theory of cardinality < A
that is satisfied by an S-structure and {¥;(Z)},<x is a set of S-types that are not
A-principal over T there is a model of 7' that omits each X;(Z).

The following is the main result of this section.

Theorem 3.6. Basic continuous logic has the A-omitting types property for every
infinite cardinal .

Remarks 3.7.

(1) The reader may have noticed an asymmetry between the uncountable case
and the countable case in Definition [3:4] as the latter involves terms while
the former does not. The following example shows that the presence of
terms in the countable case is essential for Theorem to hold, even for
complete structures. Consider the structure that consists of the closed unit
interval [0, 1] equipped with the usual metric and constants for 0 and for
every element of the form 1/n where n is a positive integer; let T be the
complete theory of this structure and let X(z) be the type of 0. Then 3(x)
cannot be omitted by any model of T'; however, there is no pair (¢(z),r)
with » € QN (0, 1) such that TU{p(z) > r} E¢, X(z) because, since r < 1,
every model of T satisfies ¢(1/n) for sufficiently large n.

In [KMO1], Keisler and Miller prove a generalization of Morley’s cate-
goricity theorem for theories without equality. For this, they replace the
standard notion of model by what they call “reduced model”, and their
proof follows a parallel development, for reduced models, of the machinery
needed for Morley’s classical proof (for countable languages). The notion
of principal type needed for their proof coincides with the concept of w-
principal given in Definition [3.4]

(2) A type that is omitted by a structure may not be omitted by its metric
its completion (take, for example, a nonconvergent Cauchy sequence, and
consider the complete type of its limit in the signature expanded with con-
stants for the terms of the sequence). In Section[3.5|we study the question of
what types can be omitted by complete structures; we introduce a concept
of metrically principal type and, as a corollary of Theorem [3.6, we obtain
a counterpart of Theorem for metrically principal types and complete



OMITTING UNCOUNTABLE TYPES 19

metric structures; see Propositions [3.17] We observe that the special case
of this result when A\ = w is Henson’s omitting types theorem for complete
metric structures (see Remark (3.21)).

An S-theory T is complete if for every S-sentence ¢ and every r € QN (0,1),
either ¢ < 7 or ¢ > r is in T. Note that this yields a concept of complete type,
since, in our context, types are theories.

Remarks 3.8.

(1) If T is a complete theory, then all models of T satisfy the same uniform
continuity moduli.

(2) If T is complete, every type that is w-principal over T is realized in every
model of T. Hence, by Theorem for T' complete, a type is w-principal
over T if and only if it is realized in every model of T

The rest of this section falls into into two parts. In the first part, we study the
link between our uncountable version of the Baire category theorem and the logic
topology for regular logics. In the second part we prove Theorem

3.3. The A-Baire property and classes of structures.

Definition 3.9. A logic £ is locally compact if the space (Strg (S), 72 (S) ) is locally
compact for every signature S, and regular if (Stry(S), 72 (S)) is regular for every
signature S.

By Proposition[2.7{(2)} every [0, 1]-logic that is closed under the basic connectives
is regular.

Proposition 3.10. Let £ be a locally compact regular logic and let A be an infinite
cardinal. Then,

(1) Strz(S) has the A-Baire Property.
(2) If T is an S-theory, then Modg(T) has the A-Baire Property.

Proof. The first part is given by Proposition [3.2] For the second part, notice that
since Modg(T) is closed, it inherits local compactness from Strg(S), so this part
follows from Proposition [3.2] as well. (]

For the rest of this section, the background logic is basic continuous logic, and
the background topology is the logic topology on Str;(S), where S = (S,U) is a
fixed signature of cardinality < A.

Let C = (¢;)i<x be a family of new constants. We denote by (SUC) the signature
that results from adding the constants in C' to S. We will denote (SUC)-structures
as (M,a), where M is an S-structure and @ = (a;);<» interprets (¢;);<x. In this
context, (@) denotes the closure of @ under the functions of M, and M [ (@) denotes
the substructure of M induced by (a).

For the rest of the section, W will denote the class of (S U C)-structures of the

—

form (M, @) such that M [ (@) is an elementary substructure of M.

Proposition 3.11. Let A be an infinite cardinal and let T be a (S U C)-theory of
cardinality at most X that is satisfied by an S-structure. Then the class WNModg(T")
is nonempty and has the \-Baire Property.
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Proof. Let (¢i(x)),_, be alist of all the (SUC)-formulas in one variable, and (#;);<»
a list of all closed (S U C)-terms. By the Tarski-Vaught test (Theorem [1.22), we
have (M,ad) € W if and only if the following condition holds: for every ¢ < A and
reQn(0,1), if M =g, Irpi(x), then M =g, @i(t;) > r for some j < A. This
means that

W = ﬂ ﬂ (Mods (Fzpi(z) <1)U U Mods (i (t;) > r))
i<\ reQn(0,1) F<A
Thus, by Corollary the class W has the A-Baire property. The class W N
Modg(T') has the A-Baire property by Corollary and Proposition m This
class is non empty because, by the downward Lowenheim-Skolem-Tarski theorem
(Theorem , T is satisfied by an S-structure M of cardinality < A, and thus
interpreting the constants by an enumeration @ of M yields (M, d) € W. |

3.4. Proof of the general omitting types theorem. Note that if A is an
uncountable cardinal and 3(Z) is A-principal over T, where Z = z1,...,2, and
t1(9), ..., tn(y) are S-terms, then the type X(¢1(), ..., tn(y)) is A-principal over T
The following lemma shows that in basic continuous logic the converse of this fact
holds.

Lemma 3.12. If X is an uncountable cardinal and X(x1,...,x,) is an S-type of
T such that 3(t1(g),...,tn(7)) is A-principal over T, where t1(§),...,t,(§) are
S-terms, then X(x1,...,x,) is A-principal over T'.

Proof. Let {¢;(§)}icr generate S(t1(¥), ..., tn(7)) over T. For each finite J C I,
define v () as
(N dartr@) <0A N @:i@)).
k<n i€J

We claim that the set of formulas of the form 1) ;(Z), where J is a finite subset of
I, generates X(Z) over T. The proof is a standard compactness argument in basic
continuous logic, but since we are not assuming previous experience with continuous
logic, we include the details below.

Fix o(z) € X(z) and rationals r,7’ such that 0 < r» < ' < 1. Since T U
{pi(@) tier Ecys Z(t1(9),--.,ta(y)), by compactness there exists a finite J C T
such that

(*) TU{ N\ ¢i@)} Feos oti(®)s- - ta(y) = 7

icJ
Since S includes uniform continuity moduli for all the predicate and operation
symbols that occur in o, there exists a rational § € (0,1) such that

) N A (@) ST AT(t (@), ta(®) 27 Eogs o(@1,. . xn) > 7.
k<n
By (%) and (*x),
TU{ N\ dzrte@) <A N\ 0i(0) } Eeos ol@r,...,zn) > 1.
k<n i€

Since o is arbitrary and r is arbitrarily close to 1, this shows that the set of formulas
of the form 1 ;(Z), where J is a finite subset of I, generates ¥(Z) over T. O
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We now prove some lemmas that connect principality with the logic topology 7
on Stre(S) (see Definition [2.T)).

Recall that if X is a topological space and z € X, then a A-neighborhood of «
is an intersection of less than A neighborhoods of . If A is a subclass of X, the
A-interior of A is the set of points in « that have a A-neighborhood contained in A.

Lemma 3.13. Let X(Z) be an S-type of a theory T with £(Z) = n, and let X be an
infinite cardinal.
(1) If A is uncountable, then X(&) is A-principal over T if and only if the class
Modgsyz) (T U E(:E)) has nonempty A-interior in Modgyzy(T).
(2) If A = w, then X(Z) is w-principal over T if and only if there exist S-terms
t1(9), - .- tn(§) such that the class Modsygy (T U E(t1(Y), - - . tn(y))) has
nonempty interior in Modgy(z (T).

Proof. Assume that A is uncountable and ¥(Z) is A-principal over T, and let
{i(Z)}i<y generate X(z) over T, where u < A. The class

Modsyzy(9i(7)) = [ Modsyay(@i(z) > 1)
reQn(0,1)

is A-open and hence so is

Modsy sy ({i(2) }icpu) = [ Modsugay (#:(2)).
i<p
Since T'U{p;(Z)}i<, is satisfiable by an S-structure and T'U{y;(Z)}i<, Fr,s L(T),
the class
Modsuyz} (T) N Modgugzy (({0i(7) Ficp)
is a nonempty A-open subclass of Modgyyz1(7') contained in Modgyyz) (3(Z)).
Suppose, conversely, that Modgyz} (TUX(Z)) has nonempty A-interior in Modgyzy (7).
Then there exist p < A and formulas ¢;(z) for i < p such that

MOdSU{i}(T) N ﬂ MOdSU{f}(‘Pi(f) > 0)
<p
is a nonempty subclass of Modgyz} (7' U ¥(Z)). Choose r; € QN (0,1) such that
T U{@i(T) > 1 }icy is satisfiable by an S-structure. Then,

TU{i(T) 2 riticy Fros 2(T),

which finishes the proof of the uncountable case.
For the case A = w, suppose that T'U {o(7)} is satisfiable by an S-structure and

TU{e@) > r} Ecs T(t1(F), .-, tn(7)), where t1(7),...,t,(y) are S-terms and
reQn(0,1). If v € QN (r, 1), the class Modgyuyy (T') N Modsygy (0(7) > 77) is a
nonempty open subclass of Modgy ¢z} (1) contained in Modsy g3 (2(t1(9), - . ., tn(9))).

To finish the proof for the countable case, assume that Modgy 53 (TUX(t1(9), - - -, tn(7)))
has nonempty interior. Then there is a formula ¢(§) such that

0 ?é MOdSU{g} (T) n MOdSU{g}(gO(g) > O) - MOdSU{g} (T U E(tl(g), . ,tn(g)))

As before, choose r € Q N (0,1) such that T'U {p(y) > r} is satisfiable by an
S-structure. Then,

TU{p(y) =1} Fros TU{p(H) > 0} Frps B(t1(Y), - - ta(8))-
This shows that X(Z) is w-principal over T O
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Lemma will be used to prove Theorem [3.6] However, we note the following
important consequence of this lemma. Recall the definition of the logic £; in
Section

Corollary 3.14. Let T be theory in L1 and let X be an infinite cardinal. An S-type
X(Z) is A-principal over T with respect to all metric structures if and only if it is
A-principal over T with respect to complete metric structures. Moreover, ¥ has a
generator in Lo if and only if it has a generator in L;.

Proof. The first assertion follows from Lemma[3.13]and Corollary [[.23] The “more-
over” part is given by Lemma and Proposition [2.6 (]

For the next lemma, we follow the notation used in Proposition Let T be
an S-theory. For i =1i;,...,%, € A, let Ry ; be the map

(M,d) — (M,ah,. . ,ain).
Lemma 3.15. The map Rrj is continuous, open and surjective.

Proof. For notational simplicity, we will consider the case when n = 1. Continuity
follows directly from the fact that any (SU{c;, })-sentence is also an (SUC)-sentence.

Now, with each (SUC)-sentence ¢ = p(c1,...,¢y, ..., Cm), with all the constants
in C exhibited, let us associate the (S U {c;, })-sentence 0(c;,) defined as

Va1 VT (X1, ooy Ciyy e e vy Tin)-

To show that Rrp; is open and surjective, it suffices to show that Rp; maps
Modsuc(v)¢ N W N Modguc(T) onto MOdSU{cil} (Q(Cil))c N MOdSu{cil}(T)~

Suppose (M,a@) € Modsuc(v)¢ MW N Modsuc(T), and let » € QN (0,1) be
such that (M,d) g, ¢ < r. We certainly have (M,a;,) Fr, 0(ci,) < r, so
(]\47 ail) S MOdSU{cil} (G(Cil))c N MOdSU{cil}(T)-

Suppose, conversely, that (M, a;,) € Modsy e, } (Q(Cil))c N Modsu{cjl}(T), and
let r € QN (0,1) be such that (M, a;,) Er, 0(ci,) <r. Pick 7' € QN (r,1). Then
there are elements a € M, for k < m and k # i, such that (M, a1,...,am) Fz,
¢ < 7'. Since |T| < A, the downward Lowenheim-Skolem Theorem (Theorem
guarantees that there is an elementary substructure My of M of cardinality < A
containing as,...,a,. Using the constants c¢; with j ¢ {i1,...,%,} to name the
remaining elements of My, we see that (M, d) € Modguc(¢)*NWNModsyue(T). O

We now have the material we need to prove Theorem 3.6

Proof of the omitting types theorem. Let T be theory of cardinality < A that is
satisfied by an S-structure and let {3;(x1,...,2n)}j<x be a set of types that are
not A-principal over T'. By hypothesis in the countable case, and by Lemma [3.12
in the uncountable case, the types X;(t1(9), ..., tn(y)) are not principal over T, for
any choice of S-terms ¢1(%),...,t,(4); hence, without loss of generality, we may
assume that

*) S(t1(g), ..., tn(y)) is on the list whenever X(zq,...,z,) is.
Let C be as before. By Lemma for any i =44, ...,4, and any j < A, the class
Modsue,, ,....ei, } (T UX;(Cy,--- ,cin))
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is closed with empty A-interior. Therefore, by Lemma [3.15] so is
Cri = Ry (Modsuge,, ,.ooeo 3 (TUS;(ciys - 0c,)))-
Since W N Modguc(T) is nonempty and has the A-Baire Property, there is
(M, @) € WN Modsue(T) \ | Cr.

Thus, for any j < A, no subset of @ realizes ¥;(z) in M. Furthermore, by our
assumption (x) above, no subset of (@) realizes 3;(Z) in M. This means that M | (&)
omits each X;(Z). The structure M | (@) is a model of T because M [ (@) <z, M,
since M € W. O

3.5. Omitting types in complete structures. In Section we observed that
a type that is omitted by a structure may not be omitted by its metric completion.
In this section we investigate the problem of omitting types in metrically complete
structures. The background logic here is an extension of basic continuous logic,
and S denotes a fixed signature with vocabulary S.

If S(xq,...,7,) is a type and 6 € Q N[0, 1], we denote by X°(zy,...,z,) the
type consisting of all the formulas of the form

Fyr- Ty (N dxr,ye) SNy, um)),
k<n

where o ranges over all finite conjunctions of formulas in X.

Note that if @ = ay,...,a, realizes ¥ in a structure M, then every point in
the closed d-ball of @ realizes Y9, that is, if b = by...,b, € M is such that
maxy<n d(ag, br) <6, then b realizes X.°.

Definition 3.16. Let T be a consistent S-theory and let 3(Z) be an S-type of T

(1) If X is an uncountable cardinal, we will say that X(Z) is metrically A-
principal over T if 39 is A-principal over T for every § > 0.

(2) We will say that a ¥ is metrically w-principal over T if for every 6 > 0
there is a formula ¢(Z) such that
(a) TU{p(Z)} is satisfiable by an S-structure, and
(b) TU{p(z) >} Fr.s X(z), for some 7 € QN (0, 1).

Proposition 3.17. Let T be a consistent S-theory and let ©(Z) be an S-type of T.
Then, for every infinite cardinal A, the type ¥ is metrically A-principal over T if
and only if 2° is A\-principal over T' for every § > 0.

Proof. For uncountable A the proposition is true by definition. For A = w, we only
need to prove that if 3(x1,...,2,) is an S-type of T such that 3(¢1(7), ..., t, (7)) is
metrically w-principal over T', where ¢1(g), . . ., t,(§) are S-terms, then X(x1, ..., x,)
is metrically w-principal over T'. Using the uniform continuity moduli of S as in
the proof of Lemma one can see that for every e € QN (0,1) there exist
5, p € QN (0,1) such that if TU {¢(Z)} is satisfiable by an S-structure and

TU{p(®) 21} Frs 2(0(9), -, ta(®)),
then
Ju( /\ d(zp, tr(@) S0A (@) > plEes S, ..., 2).

k<n
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Proposition 3.18 (A\-omitting types property for complete structures). Let \ be
any infinite cardinal. If T is an S-theory of cardinality < X\ that is satisfied by an
S-structure and {¥;(Z)}j<x is a set of S-types that are not metrically A-principal
over T there is a model of T of cardinality < \ whose metric completion omits each
2i(z).

Proof. If for each j < A, the type X,(Z) is not metrically principal over T', then
by Proposition for each j < A there exists §; > 0 rational such that the

types Ejj (Z) is not principal over T. By the A-omitting types property the types
{Ejj (Z)}j<x are simultaneously omitted by a structure M cardinality < A. Notice
now that if @ € M realizes Y,;(z) and a = lim, a,, where @, € M for each n,

then a,, realizes ij (z) for infinitely many n, a contradiction. Thus M omits each
2(z). O

Corollary 3.19 (M-omitting types property for continuous logic). Let A be any
infinite cardinal. If T is an S-theory of continuous logic of cardinality < X\ that is
satisfied by an S-structure and {X;(Z)};j<x is a set of S-types of continuous that are
not metrically A\-principal over T there is a complete model of T of cardinality < A
that omits each ¥;(Z).

Proof. Immediate from Propositions and [3.14] a

If T is a complete S-theory, we can define a topology on the set of all complete
S-types of T, as follows. If p(Z),q(Z) are such types, where T = z1...,2,, we
define d(p,q) as the infimum of the set of real numbers r such that there exist a
model M of T and tuples a,b € M satisfying maxy<, d(ag,br) < r. A compactness
argument shows that d is a metric. Note that d(p,q) < § if and only if p® C ¢,
where p? is defined as above. Hence, if p(Z) is metrically principal, § > 0, and M
is an S-structure such that M |=, T, then there exists ¢(Z) such that d(p,q) < d
and ¢ is realized in M. We use this to prove the following observation, due Henson:

Proposition 3.20. If T is a complete S-theory and M is a complete S-structure
such that M f=z, T, then every complete S-type of T that is metrically principal is
realized in M.

Proof. Fix T and M as in the statement of the proposition, and let p be a complete
S-type of T that is metrically principal. Using compactness and the preceding
observations, we find, inductively, a sequence (g, )n<w. of complete S-types for T, a
chain M = My <, My <z, M2 =z, ... of models of T, and sequences (an)n<w,
(by)n<e such that for every n < w,

(1) ¢, 2p* " (so d(p,qn) <277),

)

) by realizes p in M1,

) d(an,by) <277,

)

By (4) and (5) the sequences (@ )n<w and (b, )n<., are Cauchy and asymptotically
equivalent (in | J,, ., M, ). Since M is complete, their unique limit is in M, by (2).
By (3), this limit realizes p. O

Remark 3.21. By Propositions [3.18| and [3.20} if T is a complete S-theory and p
is a complete S-type of T, then p is metrically principal if and only if p is realized
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in every complete S-structure that is a model of 7. Hence, the special case of
Corollary when \ = w is Henson’s omitting types theorem for complete metric
structures [BYBHUOS| Section 12], [BYUQT, Section 1].

4. THE MAIN THEOREM

Recall that Lo denotes basic continuous logic (see Section and £ is its exten-
sion by all continuous connectives. We have proved (Theorem Corollary
that £y and £ have the x-omitting types property for every infinite cardinal k.
Lukasziewicz-Pavelka logic inherits trivially this property from £, and continuous
logic inherits it also for a stronger notion of non-principal type (Corollary .
In this section we show that the k-omitting types property characterizes £y. Anal-
ogous characterizations for Lukasziewicz-Pavelka logic and continuous logic follow
as corollaries of the proof.

We prove that any [0, 1]-valued logic £ for continuous metric structures that
extends £y and has the k-omitting types property for some uncountable regular
cardinal k is equivalent to L, as long as only vocabularies of cardinality less than
k are considered. We will make some natural assumptions about £, namely,

(1) Closure under the basic connectives, and under the existential quantifier
(Definition [T.19)),

(2) The finite occurrence property (Definition [I.9),

(3) Relativization to definable families of predicates (Definition [L.27)),

(4) Every structure is equivalent in £ to its metric completion (see Corol-

lary [1.23).

The following is the main result of the paper:

Theorem 4.1 (Main Theorem). Let £ be a [0, 1]-valued logic that satisfies prop-
erties (1)—(4) above and has the k-omitting types property for some uncountable
reqular cardinal k. If L extends Lo, then £ is equivalent to Lo for signatures of
cardinality less than k.

Fix a cardinal k as given by the statement of Theorem [£:1] let S be a signature of
cardinality less than s, and let us view S-sentences a [0, 1]-valued functions on the
class of S-structures, by identifying an S-sentence ¢ with the function M > .
The equivalence stated by Theorem means that the logic topologies 7, and
Tz, on the class of S-structures coincide, so, for every S-sentence ¢ of £, the class
Modg(p) is 7z,-closed. This implies that every S-sentence ¢ of £ (viewed as a
[0,1] valued function) is 7¢,-continuous, for if [r,s] is a subinterval of [0, 1] with
rational endpoints, then ¢~![r,s] = Modg(¢ > r) N Mods(¢ < s), which is then
Tr,-closed. Since 7, is compact, by the Stone-Weierstrass Theorem for lattices,
every sentence of £ can be approximated, uniformly over the class of S-structures,
by sentences of L.

The rest of this section is devoted to the proof of the Main Theorem. The
strategy of the proof is to show that if £ extends L, strictly, then there exist
structures that are metrically isomorphic, but nonequivalent in £; this contradicts
the Isomorphism Property of £ (see Definition .

The section is divided into two parts. In the first one we use the k-omitting
types property of the logic £ to prove that £ is A-compact for every A < k (Propo-
sition , and the second part of the section is devoted to the proof of the Main
Theorem.
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4.1. Obtaining compactness from the omitting types property. Here, £
denotes a [0, 1]-valued logic that satisfies the hypotheses of the Main Theorem
(Theorem and k denotes an uncountable regular cardinal such that £ has the
K-omitting types property.

Recall that if M is an S-structure, an [0, 1]-valued predicate RM (Z) is discrete
if RM only takes on values in {0,1}. As we observed in Definition if Risa
predicate in S, then the interpretation R is discrete if and only if

M | Vz Discrete (R(z)),
where Discrete (R(Z)) is an abbreviation of the sentence R(Z) V ~R(Z).

Definition 4.2. Let M be a structure, P a new monadic predicate symbol, and
< a new binary predicate symbol. We will say that (PM,<M) is a discrete linear
ordering if M =, 0, where 6 is the conjunction of the following sentences:

- Vz Discrete (P(z))

- Vz,y (=P(x) V ~P(y) V Discrete(z <))

- Vz,y (-=P(z) V Discrete(d(z, y))

- Vz [-P(z) V ~(z qz)]

- Va,y [~(Px) A P(y) A(zay)) vV —(y <))

- Vz,y,z [~(P(@) AP(y) A(z<ay) A(y<z)) V(z<2)]

< Va,y [(Px) AP(y) V (z<y) V (y<z) V ~d(z,y)].

Notice that if M be a structure, P is monadic predicate symbol, and (P, <M)
is a discrete linear ordering, then (PM,<M) is a linear ordering in the usual sense.

Lemma 4.3. Let T be a consistent L-theory of cardinality < k. If T has a model
M such that (PM,<M) is a discrete linear ordering with no right endpoint, then T
has a model N such that (PN ,<N) is a discrete linear ordering of cofinality k.

Proof. Let (¢;)i<x be a family of new constants. Let 6 be the sentence given in
Definition [£2] Define

T'=TU{0} U{Va (=P(z) v Iy(Ply) A(z<y)))}
U{P(ci)}icn U{(ci <) V —d(ci, ) ticj<n:
We first claim that T” is satisfiable. To see this, notice that if M is a model of T
such that (PM <M) is a discrete linear ordering with no right endpoint, a € PM,
and cM = a for all i < &, then (M,cM);.. = T'.
Next, we claim that the type
S(x) ={P(x)} U{c;<xV d(c;,x) }ick

is not k-principal over T”. Suppose the contrary, and assume that ®(x) generates of
Y (z) over T". Take a structure M and an element a of M such that M =, T'U®[a).
If M =r —Pla], then M [, X[a], so ®(z) cannot generate X(z) over T'. If
M =1 Pla], since |®(x)| < x and £ has the finite occurrence property, there is
j < k such that ¢; does not occur in ®(z). Since M = 6 A Pla], we can find
an interpretation cj»w of ¢; in M such that a < cé”. But then M . ¥lal, so ()
cannot generate 3(z) over 7.

Thus X(z) is not k-principal over T’. Since £ has the k-omitting types property,
there is a model N of T’ that omits ¥(x). This means that no element of PV is
an upper bound of {cN};.,, i.e., the sequence (cI¥);< is cofinal in PY. The result
then follows since k is regular. ([l
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Proposition 4.4. The logic £ is A\-compact for every A < k.

Proof. We prove the proposition by induction on all A < k. Fix A < k and suppose
L is p-compact for every p < A. Let S = (S, U) be a signature, and let T = {¢; }i<a
be an L-theory such that every finite subset of T is satisfied by an S-structure. We
wish to show that T is satisfied by an S-structure.

Let S be the signature (Sp,Up), where Sy is the subvocabulary of S formed
by the symbols of S that occur in T" and Uy is the restriction of U to Sy. By the
Reduct Property of logics (Definition , it suffices to show that T is satisfied
by an Sg-structure. By the assumption that £ has the finite occurrence property,
we have |Sp| < A, so without loss of generality we can assume that the uniform
continuity moduli specified by Uy are made explicit by sentences in 7', and hence
every Sp-structure that satisfies T is bound to be Sp-structure.

Let S* be a vocabulary that results from adding to S a unary predicate symbol
P, two new binary predicate symbols, R and <, and a family (¢;);<x of new constant
symbols.

At this point we invoke the assumption (given on page that the logic £
permits relativization to definable families of predicates: for each S-sentence ¢
and each i < A, let cp{le(x’y)}(m) be a relativization of ¢; to {y | R(x,y)} (see

%

Definition [1.27). Define an ST-theory Tt by letting
T = {0} U{P(c:)}icr
U {Va (vy (R(x,y) V =R(@, ) A (e az) v o0 (2))) )

where 6 is as in Definition [4.2l We first claim that 7+ has a model M such that
(PM_ aM) is a discrete linear ordering with no right endpoint. By the induction
hypothesis, for each j < A, the theory {¢;};<; has a model M;. Let M be the
ST-structure defined as follows:

i<’

- We have cM # cﬁ-w if i < j < A, and the universe of M is the disjoint union
of | |,-\ M; and {cM};cx.

- The distance between elements of M in the same M; is as given by the
metric of M;, and between distinct elements of M not in the same M; it is
1.

- If Q is a n-ary predicate symbol of S, the interpretation QM is | |,_, T
in | ],y M and 0 in M™\ |J,_, M.

- If f is a n-ary operation symbol of S, and @ € M", then fM(a) is f™:(a)
if a € M and ¢ if a € M™ \ | |, M.

- PM is the characteristic function of {cM},_,.

- <M is the characteristic function of { (cM, cj\/]) [i<j}.

- RM is the characteristic function of |J,_,{c;} x M;.

By the renaming property of £ (see Definition , M is a model of TT. Note
that (PM,<M) is a discrete linear ordering with no right endpoint. Thus, by
Lemma there is a model N of TF such that (PV,<") is a discrete linear
ordering of cofinality . Since A < k, there is a € N such that ¢ < a® for every
i <X. Thus, N [ {b| N . Rla,b] } is a model of T. O

4.2. Proof of the Main Theorem. Recall that £ denotes a [0, 1]-valued logic
that satisfies the hypotheses of the Main Theorem (Theorem |4.1)) and x denotes an
uncountable regular cardinal such that £ has the k-omitting types property.
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Since, by Proposition £ is A-compact for every A < k, Proposition
provides the following result:

Proposition 4.5. Let S be a signature with |S| < k. If =g, = = for S-structures,
then L is equivalent to Lqy for S-structures. ([

Thus, all that remains in order to prove the Main Theorem is to show that
=, = = for signatures of cardinality less than «.

If S is a vocabulary and My, M; are S-structures, we form the combined structure
[My, M;] in the following way. For each m-ary predicate symbol R of S let R?, R
be two distinct n-ary predicate symbols and for each n-ary operation symbol f of
S let fO, f1 be two distinct n-ary operation symbols. Let Py, P, be new monadic
predicates. For £k = 0,1 let

S*={RF|IRinS}U{f*|fin S}U{P.}.

Then [My, Mi] is the ({S°}U{S'})-structure whose universe is the disjoint union of
the universes My and M7 (with the distance between elements of My and elements
of M being 1) and such that

. P,g” is the characteristic function of M}, for k =0, 1.
- For every n-ary predicate symbol R of S and every a € M",

(Rk)[MO,Ml](d) _ {RMk (@), ifae M}

0, otherwise.
- For every n-ary operation symbol f of S and every a € M™,

(fi)[M()aMl](a) — {ka(a)a if@EM]zL

a, otherwise,

where a is a fixed element of M.

Now, the assumption that the logic £ permits relativization to discrete predicates
(see page allows us to fix for every S-sentence ¢ an S*-sentence ©* such that
[My, My] |=¢ ©F if and only if My, =4 ¢.

Proof of the Main Theorem. As observed above, we only have to show =, = =¢
for signatures of cardinality less than . Suppose that this is not the case, and
fix a signature S of cardinality less than x, and S-structures My, M; such that
MOELOMI and

(1) MokEegy but Mgy <r

for some L-sentence v and some r € QN (0,1). Our goal is to show that these
structures can be taken to be metrically isomorphic; by (t), this would contradict
property (3) of Definition

Since £ has the finite occurrence property, we may assume that the vocabulary
S is finite. Let {c;}i<, be a set of new constants and for i =41,...,4, € k, denote
Ciyy--+5Ci, by ci. For each X C k, let Sx = S° U ST U{c),cl}icx. Define an
Sk-theory T as follows:

T={"Yu{y <ryU{Po(c))}icn U{P1(ci)}ick
{0(e) =L (cf) > s) | 1(z) an S-formula of £,
iin k with £(i) = £(z), s € QN (0,1) }.
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Our initial goal is to show that T is consistent. In order to do so, it is sufficient to
show that the Si-theory

Ty = {1}y U{y' <r}U{Ro(cg)} U{Pi(cp)}U
{4°(ch) =L@ (ch) > s) | ¥(z) an S-formula of Lo, s € QN (0,1) }.
is consistent, since any model N of 77 can be expanded to a model of T' by defining

(N = ()N and (c¢})N = (c})V for i < k.

Now, 717 is countable since S is finite, so by the w-compactness of £, we need
only show that every finite subset of 77 has a model.

Claim. Let {¢r(x)}k<m be a finite set of S-formulas of £y and let s € QN (0, 1) be
given. Then for every a € My there is b € M; such that

[Mo, Mi] . Pola] A Pr[b] A\ (0R]a] =L (e ]b] = 5)).

k<m
Proof of the claim. Fix a € My and s € QN (0,1). For each k& < m choose
Ti, tx € QN (0,1) such that
(Wrla))™ — (1 =) <rp <ty < (Yx[a])™
and set € = ming<,, ty — ry. Since My ¢ 33@(/\k§m(¢k(l‘)

sentence holds in M, thus there is b in M; such that (A, -, (¥ [b]
For each k, -

> tx)), the same

> 1) > 1—e
(Wlb] > ti)™ > 1 —e > 1— (b — 7).

Hence, by Proposition [1.16

@lo)™ =t + 1= (tk —r4) = L =71k = (Yela))™ — (1= 5) = s + (¥r[a)) ™ — 1.
By the same proposition, this yields (¥x[b] > s)t > (y[a])°. Thus,

(Mo, Mi) e /\ (Rla] =1 (Vi[b] > 9)).
k<m

By the claim, every finite subset of T} is satisfied by an expansion by constants
of [My, M;]; hence, by the w-compactness of £, the theory T} has a model. As
observed above, every such model yields a model of T

Our next (and final) goal is to show that 7" has a model [My, M;] such that the
set {(cg)MO }i<ﬁ is dense in My, and the set {(czl)M1 }i<5 is dense in M;. Once this
is accomplished, the definition of 7" ensures that the map

(D)o s ()™

is a metric isomorphism between a dense subset of Mg and a dense subset of Ml.
Since all the predicates in S are uniformly continuous with respect to the distin-
guished metric, our isomorphism can be uniquely extended to a metric isomorphism
between the completion of My and the completion of M;. But since, by assumption,
every structure is equivalent in £ to its completion, the completion of M, satisfies
~, whereas the completion of M, satisfies ~ < r, which contradicts the isomorphism
property of £ (see Definition .

By the preceding remark, all that remains to show is that there is a model of T
that omits all the types

Se(@) = { (Po(a) Ad(z,¢f) 2 €) V (Pi(z) Nd(w,cj) 2 €) } (e€Qn(0,1)).

1<K
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Since £ has the k-omitting types property, it suffices to show that, for each € €
QnN(0,1), the type X¢(x) is not k-principal over T'. Suppose that X (z) is k-principal
for some €, and let ®(x) generate ¥.(x) over T.

Fix § e QN (0,€). For X C k let us denote T' | Sx as Tx, and let

Xo={0}u{j| c? or c; occurs in ®(z) }.

Since |®(z)| < x and £ has the finite occurrence property, there is j; € £\ Xo. Let
X1 = XoU{j1}. We now use the |®|-compactness of £ to show that the set
(i) TX1 U@(Q?)U{—!PO(I')\/d(,CL',C?I) < 6}

is satisfiable. Since ®(x) generates X.(x), there is an Sy-structure [M{, M{] and an
element a of [M}, M{] such that [M{, M;] Er T U ®[a]. If a € M7, the satisfiablity
of (1) is immediate (since ﬁPO[MO’Ml] (a) = 1), so suppose a € M|. Since My=,, M1,
the argument used to prove our claim above shows that
for every finite set {¥x(Z,y) }k<m of S-formulas of Ly and every
s €Qn(0,1) there is b in M| such that whenever £(i) is a list of
(o) indices in X; with £(i) = £(Z), the structure [M]), M{] satisfies
N\ @R p)lal s (i )[b] > 5)-
k<m
Let F(c?,cil,cgl,cjl-l) be a finite subset of Tx,, where i € X, and all the new
constants are being displayed, and let S(I') denote the finite part of Sx, that
occurs in I'. Notice that the reduct [M{), M7] | S(T") satisfies I" | Sx,. Let

¢0('fay)7 cee 7¢’m(§:>y)

be a list of all the S-formulas such that the implications
o(d,¢))) =r(Wgledscj) = 50)s o (e €)) =L(Wn (e, ¢5,) = sm)

occur in I, let s = ming<,, sk, and fix b € M| corresponding to {Yx(Z, y) }k<m and
s as given by (¢). Now let

([Mg, M) [ S(T), a,b)

denote the expansion of [M§, Mj] | S(T') to Sx, where a is the interpretation of ¢},
and b is interpretation of ¢j . Then, by (o), we have

([M67Mﬂ FS(F),G,,Z)) ):L F(C?7Ci1,CQ C1 )

J17 %
By the choice of a, [M{), M]] =r T U ®[a], and trivially, we also have
([Mg, Mi] 1 S(T), a,b) f=c d(w,cf,)la] < 6.
Therefore a realizes

(e, et YU d(x)U{=Py(x) Vd(z,cl) <4}

17719 7710 7 ? I
in the structure ([M, M{] | S(I'),a,b). Since £ is |®|-compact and I' is an arbitrary
finite subset of T'x,, this shows that (}) is satisfiable.
Fix now j3 € k\ X1, and let X3 = X3 U {j2}. An argument symmetric to that
which produced a model of (1) shows that the theory

Tx, U®(x)U{(=Py(x) Vd(z, ) <8 A(-P(z)Vd(z,cl) <)}

’ TN '
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is satisfied by an Sx,-structure. To conclude the proof, we only need to expand
this model to an S,-structure, i.e., we need to find interpretations for the constants

¥, el with i € k\ Xz in such a way that

TU®(x)U{(=Py(x)Vd(z,c® ) <8 A(=P(x)Vdz, c}l) <d)}

’
is still satisfied; but this can be done by simply giving c?,c}, for i € k\ Xa, the
same interpretation as ¢, ch. Since § < ¢,

TUD(z) frr Ze(x),

so ®(z) does not generate X (z), as presumed. This concludes the proof that 3. (z)
is not k-principal over T', and thus the proof of the Main Theorem. 0

The preceding proof is a refinement of the proof of the Main Theorem in [Lin78].

Remark 4.6. The k-omitting types property for a theory T states that for every
set of at most k types that are not k-principal over T there is a model of T' that
omits all the types in the set. In the proof of Theorem [4.1], we needed only a weak
version of this property, namely, we need the existence of a model of T" that omits
countable sets of types that are not k-principal. Thus, in basic continuous logic,
the k-omitting types property is equivalent to this apparently weaker version of it.

We conclude by observing that the argument used to prove Theorem [4.1] yields
an analogous characterization of Lukasiewicz-Pavelka and of logic continuous logic:

Corollary 4.7. Let £ be a [0, 1]-valued logic.

(1) If £ satisfies properties (1)—(4) of page[28, L extends Lukasziewicz-Pavelka
logic, and there exists an uncountable regular cardinal k such that £ satisfies
the k-omitting types property, then L is equivalent to Lukasziewicz-Pavelka
logic for signatures of cardinality less than kK.

(2) If £ satisfies properties (1)—(3) of page L extends continuous logic, and
there exists an uncountable reqular cardinal x such that £ satisfies the k-
omitting types property for complete structures (Proposition , then L
s equivalent to continuous logic for signatures of cardinality less than k.

Proof. We note first that the methods used in the proof of Theorem [£.1] to produce
new structures from old ones (i.e., the construction of M from {M;}; < in the proof
of Proposition and the construction of [My, M1] from My and M; on page
yield complete structures from complete structures and 1-Lipschitz structures from
1-Lipschitz structures. Hence, (1) follows by assuming throughout the proof of
Theorem that all the structures involved are 1-Lipschitz. Moreover, it may
be verified that the types omitted in the course of the proof are not metrically
k-principal; hence (2) follows by assuming that all the structures involved in the
proof are complete and utilizing the metric k-omitting types theorem for continuous
logic. O
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