STABLE BANACH SPACES
AND BANACH SPACE STRUCTURES, I:
FUNDAMENTALS

JOE IOVINO

ABSTRACT. We study model theoretical stability for Banach spaces and structures based
on Banach spaces, e.g., Banach lattice§ brlgebras. We prove that a theory is stable if
and only if the following condition is true in every modglof the theory: If(am) and(bn)

are bounded sequencesﬁ‘f andE! (respectively) andr : EK x E! - R is definable,

then there exist subsequencag, ) and(an ) such that

lim lim R(@m.bn;) = lim lm R(@m,bn)).
i
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1. INTRODUCTION

A framework for the model theoretical analysis of various structures from functional
analysis was introduced in the monograph [6]. The class of structures under consideration
includes Banach spaces as well as further structures from functional analysis which are
based on Banach spaces eGj:;algebras. The model theoretical language of [6] provides
tools to prove new results for important classes of structures from analysis.

In this series of papers we use the general framework of [6] to develop the theory of
stable Banach space structures. Rich classes of Banach space are stable, e.g., the spaces
Lp, for 1 < p < oo. Inthis, the first paper of the series, we introduce the basic concepts
of stability, and show Banach space theoretical counterparts of familiar facts from classical
stability theory, (e.g., a theory is stable if every type is definable). For this basic material
we follow the order of exposition of [10].

In Section 9, we prove the following result;

Theorem. Atheory is stable if and only if the following condition is true in every métel
of the theory: 1f(&m) and (by) are bounded sequences i and E! (respectively) and
R: EX x E' - Ris definable, then there exist subsequeriégs) and (by;) such that

lim (lim R(@m,bnp)) = lim (lim R(@m. bn))).
=00 | —>00 J—>00 1—>00

In particular, in a stable Banach space, the above condition holds for the real-valued
functionR(X, y) = ||x + y||. This fact imposes rather strong conditions on the geometry
of stable Banach spaces: every such space contains the sequencépspacsome 1<
p < oo, almost isometrically. See [9]. (See also the remarks concluding Section 9.)

In forthcoming papers, we will concentrate on deeper aspects of the theory, as well as
direct applications to functional analysis.

We assume that the reader is familiar with the basic machinery of [6]. In particular, we
assume familiarity with the notions of Banach space structure, positive bounded formula,

and approximate satisfactide 4. The terms “formula”, “theory” and “type” are used
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as abbreviations of “positive bounded formula”, “positive bounded theory”, and “positive
bounded type”, respectively. ¢f andyr are positive bounded formulas, we write< v
to indicate thaty is an approximation op.

The letterT denotes a fixed complete positive bounded theory over a countable lan-
guagelL. All the models considered are modelsTof We assume that these models are
approximately elementary submodels of some large, saturated miodfeh € &, ||a] is
taken as an abbreviation of max<n [|a ||. (In other words, we equip the finite powers of
€ with anf.-norm.) If Ais a subset of andN > 0, we denote the set of elements/Af
of norm< N by BN (A). WhenN = 1, we write simplyB(A). By theRp-saturation of¢,
we have€ =4 ¢(@) if and only if &€ = ¢(@) for every positive bounded formula and
everya € €. If € =4 ¢(a), we write simply=_4 ¢(8), omitting €. If Ais a subset o€,
we denote byQ A the set of rational multiples oA.

We consider only complete, positive bounded types which are consistenT witlhe
norm of ann-type p, denoted| p||, is the norm of any-tuple realizingp. If Ais a subset
of a modelE, we denote by (A) the result of expanding the languabewith constants
and appropriate norm bounds for the element&,odndT (A) is the theory of€ in L(A).

The set on-types overA is denoteds,(A), andS(A) = U, Si(A).

2. UNIFORM STRUCTURES ON THESPACE OFTYPES

The space of types of a complete positive bounded th&oiyy endowed with various
uniform topologies on it. Below are two of the most natural examples.

. The metricd. This is the result of “transferring” the norm topology from the models of
T onto S(T). If p(X) andq(x) are types, we let

d(p,q) =inf{|b—¢|l | ¢ = p(b),q©)}.

It is easy to show thadl is a metric onS,(A). We extendd to all of S(T) by letting
d(p, q) = oo whenp andq are types in different sets of variables or over different sets
of parameters.

Notice that if p(X) andq(X) are types, theml(p,q) = « if and only if for every
realizationC of p there exists a realizatiahof q such that|b — ¢|| = a.

. The Banach-Mazur metriD. Suppose that the language contains no real-valued rela-
tions other than the norm, and that the only functions in addition to the vector space
operations are constants. Thus, thatructures are of the forgE, ¢;)ic|, whereE is
a Banach space and thgs are constants. Let > 0; a(1 + ¢)-isomorphismbetween
two L-structureqE, ¢i)i<; and(F, ¢)i¢| is a linear isomorphisni : E — F such that
f(ci) = di foreveryi € I, and| f|, || f 71| < 1+ €. If p(X) andq(X) are types, we let

there is a1 + ¢)-isomorphism betwee
(¢, b) and(¢, ¢), and¢ = p(b), q(€) F
The functionD itself is not a metric, but lo@d) is. Nonetheless, it is the functidd
that is referred to as tHi@anach-Mazur metric

The concept of aniform structure on the space of typsas introduced in [6] in order
to give a uniform treatment of topologies &aT ) such as those described above. We recall
the definition here.

D(p,q) = inf{ l1+€

2.1. Definition. A uniform structure on on the space of typdd is a family 4l of subsets

of S(T) x S(T), calledvicinities, such that

(1) Lis a base for a Hausdorff uniform structure (in the standard topological sense. See,
for example, Chapter 6 of [8]) o8(T).
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(2) For every vicinityU there exists a set of pairs of formul®5U) such that
(i) If (p,¢") € D), thenp < ¢'.
(i) D) definedJ in the following sense: The paip(X), q(X)) isinU N S(A) x
S(A) if and only if for every pair (X, ¥), ¢’ (X, ¥)) € D(U) and evena € QA,
p(X,a) ep implies  ¢/'(X,a) €q,
p(X,a) €q implies  ¢'(X,a) € p.
(iii) There exists a vicinityV with the following property: If(¢, ¢’) € D(U) and
¢" > ¢, there existgyr, ¥') € D(V) such thaty < ¢ andy’ < ¢”.
2.2. Examples.
(1) A uniform structure for the metrid. For$ > 0, we let

Us ={(p.a) [ d(p,a) <35}
and definell as the family of all sets of the fortds, wheres € Q*. Foré € Qt, we
let D(Us) be the set of pairgp, ¢') such thatp(X, ¥) is of the form
VZ(||Z]| <€ > o (X+ 2, 9)),
for e > §, andg’ (X, y) is of the form
V(|2 <€ =8 — 0'(X+2,¥)),
witho’ > o.
(2) A uniform structure for the Banach-Mazur metiic Fore > 0, we let
Ue={(p.q) | D(p,q) =1+¢€}
and definel as the family of all sets of the fortd., wheree € Q*. Fore € Qt, we
let D(U,) be the set of pairgp, ¢11¢) such thatp(X, y) is anL-formula andp1.. is
the (1 4 €)-approximation ofp introduced in [4].
For more examples of uniform structures on the space of types, we refer the reader
to [6].

The following fact about uniform structures on the space of types was proved in [6].

Proposition 2.3. Let 4 be a uniform structure on the space of typed ofSupposeA C

B C ¢. Then,

(1) If m < n, the restriction map fron§,(B) onto Sy (A) is uniformly continuous with
respect tal.

(2) If Alis dense inB, the restriction map frong,(B) onto $,(A) is uniform homeomor-
phism with respect tél.

3. STABILITY

3.1. Definition. Let 4l be a uniform structure on types. #fis an infinite cardinal, a the-
ory T is k-stable with respect tol if for every setA C € of cardinalityx and evernyn < o,
the density character & (A) with respect to the uniform topology 6ff S,(A) is < «.

By Proposition 2.3-(2), the word “cardinality” in the preceding definition can be re-
placed by “density character”.

3.2. Examples.The most significant examples of stable theories known to us are (1)
and (2) below; both are due to C. W. Henson.

(1) If (X, B, ) is a complete measure space, then the theotypoft) for 1 < p < oo is
w-stable with respect td. See [5]. { is unstable. See Example (4) below.)
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(2) Let H be a Hilbert space and l¢F; | i < o) be a countable family of bounded
operators orH. Then the theory of the structueH, Fj | i < @) is w-stable with
respect tal. See [5].

(3) If Lis metrizable and is an infinite cardinal, them-stability with respect tal implies
«-stability with respect tal.

(4) We shall see in Section 8 that every Banach space structure containing the Banach
spacec is unstable with respect ny uniform structure.

(5) No theory can be-stable with respect to the discrete metric: the number of types over
the empty set is at least®

(6) Ifthe topology induced by, is finer than the topology induced by andT is «-stable
with respect tdl;, thenT is k-stable with respect tds.

In rest of this is section we study stability with respect to the Banach-Mazur ni&tric
and compare it with stability with respect to the metlic These results are not needed
elsewhere the paper.

We assume that the language contains no real-valued relation symbols in addition to
the norm, and that, except for the vector space operations, all the function symbols are
constant.

3.3. Definition. Let A € €. We say that two tuple&y, ..., an) and(by, ..., by) have
the same linear dependencies oveif there is a linear isomorphism between the span of
AU{a,...,ay}andthe spanofAU{by, ..., b,} whichmapsy tok;, fori =1,...,n,
and fixing A pointwise.

If p e S (A), the linear dependencies of artuple realizingp are completely deter-
mined byp, i.e., any two realizations g have the same linear dependencies aver

Proposition 3.4. If p, g € $,(A), the following conditions are equivalent.

(1) D(p,q) < oo;

(2) Any realization ofp and any realization of] satisfy the same linear dependencies over
A

(3) There exist a realization gp and a realization ofg which satisfy the same linear
dependencies ovek.

Proof. (1) < (2): Let a realize p, andb realizeq. Every linear isomorphism between
spanA U a and sparA U b is a(1 + €)—isomorphism for some > 0, and can be extended
to a(1 + €)-automorphism oft.

(2) & (3) follows from the remark preceding the statement of the proposition.

Clearly, all nonzero 1-tuples have the same linear dependencies over the empty set.
Hence, by the preceding proposition, any two nonzero types over the empty set are within
a finite distance of each other. HoweverAif\ {0} is nonempty, one can find*® many
types overA which are infinitely apart from each other:dfe A\ {0}, then, for any distinct
scalarsx and g, the tupleqa, «a) and(a, fa) do not have the same linear dependencies.
We conclude the following result.

Proposition 3.5. No theory can be-stable with respect to the Banach-Mazur mefdic

Nevertheless, it follows from Proposition 3.7 and the preceding list of examples that
various important theories akestable with respect to the Banach-Mazur metric, for every
cardinalc > 2%

The following result, relating the metrid3 andd, is proved in [6]
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3.6. Lemma(Perturbation Lemma for Typespuppose thaf is finite, and letp be a type
over A. Then for every > 0 there exist$ > 0 with the following property. If

(1) d(p,qg) < é,and

(2) The realizations op andq satisfy the same linear dependencies o&er

thenD(p, q) < 1+ €. Furthermoreg depends only on the quantifier-free partpf

Proposition 3.7. If T is x-stable with respect td andx > 2%, thenT is «-stable with
respect to the Banach-Mazur metric.

Proof. Suppose that > 2% andT is «-unstable with respect to the Banach-Mazur metric.
Then there exist a sét and a positive integar of cardinality« such that theD-density
character ofS,(A) is larger thanc. Therefore, there is a subsep; | i < k*} of S,(A)
ande > 0 such thatD(p;, pj) > 1+¢€ fori < j < «*. Hence, for each paifi, j)
withi < j < «™ there exists a finite tuplg ; € AsuchthatD(p;ilg j, pjla,j) > € for

i < j <«™ Byrefining(p) if necessary, we may assume that there esistsA such that
g, =afori <j<«t.

Now, there are at most™2 linear dependencies in variables. Sinca > 2%, by
further refinement of p;) we may assume that for< j < «* the realizations op; and
pj have the same linear dependencies.iFix«*. By the perturbation lemma for types,
there exists; > 0 such thad(fi, pj) > & fori < j < «*. By refining(p;) further if
necessary, we can assume that there egists 0 such that; = 6, fori < «T. Thus,
d(fi, pj) > s fori < j < «*. Henced-density character o, (a) is larger thanc and T
is k-unstable with respect . —

Corollary 3.8. If T is w-stable with respect td, thenT is 2¥-stable with respect t®.

4. MORLEYIZATIONS OF TYPES

Let p(X) be atype oveE, and leto (X, y1, ..., Ym). We shall define an-ary real-valued
relationP, : E™ — [0, oco] such that fora € E,

o(X,a) ep if and only if Py(@) =0.

The construction oP,, is as follows. Take a s¢by (X, §) | r € QT } of approximations
of o such thab; < ogifand only ifr < s, andoy — o asr — 0.
Define

P, (@) =inf{r € Q" | 0y (X,a) € p}.

The perturbation lemma [6] assures that is uniformly continuous on every bounded
subset oE. Furthermore, it gives a modulus of uniform continuity &y on each bounded
subset ofe. We denote by (P, | o € L) the expansion of the languagewith predicates
for the real-valued relation®, (for o (X, y¥) € L) and the moduli of uniform continuity
provided for them by the perturbation lemma.

We have the following chain of equivalences:
. 0(X,a) € p;
. or(X,a) € pforeveryo; in D;
. P,(a) <r foreveryr e Q7;
. Ps(a) =0.

We call theL (P, | o € L)-structure(E, P, | o € L) the p-morleyizationof E.

For a family of types(pi)ic1, we define the pj); | -morleyization ofE similarly: for
everyL-formulac (X, ¥) with £(y) = m and everyi € | we define am-ary real-valued
relationP, : E™ — [0, oo] such thatr (X, &) € p if and only if P, () = 0.
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If ¢ andy are formulas withp < v, [, ¥) denotes the sdto | ¢ <o < ¥ }. The
order topologyon the language is defined as follows. The neighborhoods of a formula
are the setsy, ¥), wherep < . The following concept was introduced in [6]

4.1. Definition. A quasi-typeover A is a set of positive boundeld(A)-formulas whose
closure with respect to the order topology is a type.

Proposition 4.2. LetI'(X) be a set of positive boundéd A)-formulas such that

(1) T is consistent;
(2) ForsomeN > 0, the formula||X|| < NisinT;
(3) For every positive bounddd(A)-formulag(X), eitherg or nege) isinT.

ThenI is a quasi-type oveA.
Proof. See [6]. —

Proposition 4.3. Let p(X) € S(E). Suppose that~, P, | o € L)isamodel oTh4(E, P,, a |
o € L,a e E), and define

pPr(X) ={pX.b)|beF,(F,P;|oel)aP,b) <0}
ThenpF (X) is a quasi-type oveF.

Proof. If ¢(X, y) is anL-formula,y > ¢, andM > 0,
(B, Ps |0 € L)%ﬁ)‘/(llyll <M APL(Y) < 0A Pregy) (V) < O).

Hence, for any paip(X, ¥) < ¥ (X, ¥) and anyb € F with £(b) = £(y),

¢(X, b) A negy (%, b)) ¢ pF (%),
so pF (X) is consistent.
Also, for someN > 0, the formula|x|| < N isin p. Hence,
(E,Ps|oel) EaPixj<n <0,

and||X|| < N e pF.
Finally, for every formulap (%, ),

(E.Ps loel)Fa VY(II)_/II =M = Py(y) <0V Pregy)(¥) = 0);

hence, ifb € F and£(b) = £(y), we havep(X, b) € pF (%), or nede(x, b)) € pF(%).
Thus, pF (%) is a quasi-type, by Corollary 4.2. A

5. HEIRS

5.1. Definition.

(1) Letq(x) be a type overA, and lety(X, y) be a positive bounded formula. We say
thaty is represented im if there existsa € A such thatp(x, a) € q. We say thap is
almost represented iq if every approximation of is represented iq.

(2) If AD E, p(X) is a type ovelE andq(X) is an extension op over A, we say that] is
anheir of pif every L (E)-formula that is represented ¢nis almost represented in

Proposition 5.2. Let p(X) € S(E). Suppose that-, P, | o € L)isamodeloTh4(E, P,, a |
o € L,a e E), and letp™ be as in Propositio®.3. Then the closure gbf (X) is an heir
of p(x).
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Proof. We proved in Proposition 4.3 that the closuregdf is a type. Ifg(X, y) is an
L (E)-formula that is represented in the closurepbf(X), then

(F,Poloel)Eadyyll = NAPL(Y) =0
for someN > 0. But then,

(E.Ps o e L) EaATYUIVI = NAP(Y) <0,
and hence is almost represented jo(X). =
5.3. Lemma. SupposeE <4 F. Letp € S(E) and letqs, g2 be heirs ofp over F. If

E’' -4 E andp’ is an heir ofp over E’, there exisE” > 4 E’, heirsrq, r of p’ overE”,
and an embedding : F <4 E” such thatf (g1) € r1and f(qz) Cr».

Proof. Letb’ denote a new constant for edgle E’\ E. Let
(F,Q14,Q2 @€ lL)
be the(qi, g2)-morleyization of F. Every L (E)-formula which is represented ip’ is
almost represented ip, and hence almost representedjirandqgy. Therefore, the theory
Y = Thy(F, Q15, Q2s,b, | c€eL,beF)

U{ Q1;(a,b)<0 | acE, be E'\E, o(X,a,b) e p forsomes < 7}

U{ Q2 (a,b)<0 | acE, be E'\E, o(X,a,b) e p forsomes < 7}
is finitely consistent.

Let F be the reduct of a model & to the languagé.. Then the following conditions
hold:
(1) F>4F;
(2) There exists an extensidp of g1 over F such that every (E)-formula which repre-
sented irjy is almost represented @ ;
(3) There exists an extensidp of go over F such that every (E)-formula which repre-
sented irgp is almost represented @;
(4) There exists an embedding E’ <4 F fixing E pointwise, such thay(p’) < Gz, Go.
Since tfE’/E) = tp(g(E’)/E), there exists an automorphidnof the monster model such
thath = g~ ong(E’). Definef = h|F, E” = f(F),r1 = f (1), andro = f(Gp).

6. DEFINABLE TYPES

Recall that IfB is a subset of the monster modB(,B) denotes the set of elements®f
of norm less than or equal to 1.

6.1. Definition. Let A € B . Atype p(X) € S(B) is calleddefinable overA if for every
pair of L-formulase (X, ¥) < ¥ (X, y) there exists a pair df (A)-formulas

dY(y) < d5V ()
such that for alb € B(QB),
0(X,8) € p(x) implies E=dfY@)
=do’ @ implies ¥ (X, a) € p.

The map(e, ¥) — (df“”, dz‘p"”) is called adefinition schemdor p over A. A type
p € S(B) is definablef it is definable overB.
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If p e S(E) andq is an extension of, any definition schema fag is a definition
schema fomp. A definition schema fop need not be a definition schema frhowever,
Lemma 6.3 shows that i is an heir ofp, any sufficiently close “approximation” of a
definition schema fop will be a definition schema fay.

6.2. Lemma. Let A € B and p(X) € S(B). Lete > 0, and suppose that for every pair of
L-formulase (X, ¥) < ¥ (X, y) there exists a pair of (A)-formulas

00V (9) < 057 ()
such that fora € B1_.(QB),
p(X,8) € p®)  implies 460" @

=4 697 @) implies (X, a) € p.
Thenp is definable ovelA. Furthermore, if
P(X, ) =X, A=)y, V(X 9) =YX 1L-e)y).

then
(9%, ), ¥(X, ) = (dfV (), 4 (9)
is a definition schema fap.
The proof of Lemma 6.2 is a simple exercise.

6.3. Lemma. Suppose thaE <4 F, p(X) € S(E) andq is an heir ofp over F. Suppose
also that

(9%, ). ¥(X.9)) — (47 o). d ()
is a definition schema fop. Lety’(X, ¥) ando®¥ (X, ) be formulas such that
(1) 90(3_(, V) <@ (XY <X, 9,
@) dg () < 0vV ().
Then, ife > 0 and

PX, Y =X, 1—€)y), V(X ¥) =¥ (& 1-ey),

the map

(X, y), ¥ (X, ¥)) — (df/’v/()—/), 9‘7’/"7’()7))
is a definition schema far.

Proof. Fix L-formulasp (X, ¥) < ¥ (X, ¥). Choose formulag’ andd such thaty < ¢’ < ¥
anddj V<.

Step 1. If |a]l < 1 — € andg(X, &) € q, theni= d?"¥ (a).

Proof of Step 1.Taked‘f/"/’ < y < y’. It suffices to prove that the formula

*) IVl <1—€Ap(X, Y) Anedy'(¥))
is not represented ig. If it were represented iq, it would be almost represented m
(sinceq is an heir ofp), and since

IVl < 1A ¢'(X, ) Anegy(¥))
is an approximation ofx), there would b& € E such that
lall < 1A ¢'(X,a) Anegy (@) € p(x).
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Sincey > dl‘p/"”, this contradicts the fact that(x, 8) € p implies=4 df/"/’. =
Step 2. If |a] < 1— € and = 62(a), theny (X, @) € q
Proof of Step 2.Takeyr < ¢’ < ¥”. It suffices to prove that the formula

IV < 1—eA0(Y) Anegy” (X, )

is not represented ig. If it were, it would be almost representednand there would be
a € E such that

lall < 1A d§ ¥ @) Anegy'(x.d) € p(x).
Sincey’ > v, this contradicts the fact that 4 dg’,"”(é) impliesy (X, @) € p. —
The lemma follows from Steps 1 and 2, and Lemma 6.2. =

6.4. Theorem. Let 4l be a uniform structure on the space of types. The following condi-

tions are equivalent for anp(x) € S(E):

(1) pis definable.

(2) For eachF >4 E, p has a unique heir oveF.

(3) There exists a cardinal such that whenevef > 4 E anddensityF) < «, the set of
heirs of p over F has density charactex « with respect to the uniform topology of

HIS(F).

Proof. (1) = (2) : Letq be an heir ofp over F. Lemma 6.3 exhibits a definition schema
for g, given one forp. This determines.

(2) = (3) is obvious.

(3) = (2): Let il be a uniform structure on types. Suppose, by way of contradiction,
that there exist a moddél > 4 E, heirsqs, g2 of p overF, and a vicinityU € 4 such that
(01, 92) ¢ U. Letk be a cardinal withk > densityfE) and lety be the least cardinal such
that 2 > k. Using Lemma 5.3 iteratively, one can construct a mdsglel 4 E of density
character< «, and a sef{ p; | i < y } of heirs of p over E’ such that(p;, p;) ¢ U, for
I < j <Y.

(2) = (1): Let(E, P, | 0 € L) be thep-morleyization ofE and letX (P, | 0 € L) be
its complete theory. We have seen that if

(F,Pfloel)=aZ(Py |0 € L),

thenp has an heir oveF, namely,p™. The fact thafp has a unique heir over ay > 4 E
means that (P, | o € L) defines{ P, | o € L} implicitly. But then, by the Beth De-
finability Theorem [6],X (P, | o € L) defines{P, | o € L} explicitly. Thus, for every
L-formulao (X, ¥) and every rational number > O there exists & -formulad(y) such
that

*) Po(Y) =0OAIYI=1EAO)
Fix r > s. By the compactness theorem there exiéts 6 such that
(**) ODAIYI<1lEA P(Y) <s.

Sinces can be taken arbitrarily smallx) and(xx) prove thatp is definable. —
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7. STABILITY AND DEFINABILITY OF TYPES

A theory isstablewith respect tdl if there exists an infinite cardinalsuch thafT is « -
stable with respect tfl. We shall prove that this condition is independent of the particular
uniform structurell. (Corollary 7.3.)

7.1. Lemma. Suppose thaE <4 F, p € S(E) andq is an extension op overF. If Ais
a dense subset & and evenl (A)-formula that is represented imis almost represented
in p, thenq is an heir ofp.

Proof. Let (E, P, | o € L) be thep-morleyization ofE, and let(F, Q, | o € L) be the
g-morleyization ofF. Since every (A)-formula which is almost representeddris also
almost represented ip,

(F, Qs,aloebL,ae A =4 (E, P,,aloelL,aeA).
SinceA is dense irE, the perturbation lemma implies that
(F, Qs,aloel,aeE)y=4(E, P,,a|o elL,acE).
But then evenL (E)-formula that is almost representedjis represented ip. Therefore,

everyL (E)-formula which is represented tmis almost represented ip, i.e.,q is an heir
of P. -

Corollary 7.2. Letil be a uniform structure on types. The following conditions are equiv-
alent:

(1) T is stable with respect td.
(2) Every type over a model is definable.

Proof. (1) = (2): Suppose thap € S(E) is undefinable. Take a separaltg < F
such thatp is an heir ofp|Ep. Lemma 6.3 implies thap|Eg is undefinable. Sinc&g
is separable(3) = (1) of Theorem 6.4 implies that for every cardinalthere exists
F >4 Ep such that densitfF) < « and the set of heirs op|Eg over F has density
character> « with respect tdi|S(F). Therefore,T is not stable with respect td.

(2) = (1): If « be a cardinal such that*® = « andE be a model off of density char-
acterk, there are at most many types inS(E), since the number of definition schemata
for types overE cannot exceed the number of definition schemata,(k89)™ = «. A

The condition of a type’s being definable does not make reference to any uniform struc-
ture. Hence, we can conclude the following:

Corollary 7.3. If Ll; andily are uniform structures on typesg, is stable with respect tty
if and only if T is stable with respect tt;.

Remark.SinceT’s being stable with respect to some uniform structuris independent
of 4, hereafter we shall express this fact simply @ss stable”.

8. STABILITY AND ORDER

8.1. Definition. Let E be a model. A positive formula(x, y) with £(X) = £(y) defines
an orderin E if there exist a bounded sequen@g)k-., in E and a formula’ > 6 such
that

EF40@a), ifk<I;
E =4 negd’' (&, &)), ifk>1.
In this case, we say that the péird’ ordersthe sequencéiy)k<q.
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Example 8.2. Let (ex)k<» be the standard basis for the Banach spag¢end letay =
e+ -+ 6. Then

lactal =12 Th=!
1, ifk>l.
Thus the pair of formulas
O(X, y;u,v): |y +ull =2, 0'(x,y;u,v): ly+ul =1

orders the sequencax ~ &)k« iN Cop.

Remarks.(1) LetE be a Banach spackE* be its dual, and definE = E @, E*. LetR
be the pairing functionix, £) —< X, & > on F. Then, ifr < s, the pair of formulas
RX,¥) <1, R(X,y) < sorders a sequence i if and only if E is not reflex-
ive. This is theJames Conditioffior reflexivity, introduced by R. C. James [7]. (See
also Section 3.5 of [1].)

(2) If the sequencédx)k~, is ordered by a pair of formulas, then there exists 0 such
that |aj —aj|| > fori < j < w. (Proof: Suppose that no suchexists. Then
(&)k<e has a Cauchy subsequen@ég )i <. Leta = limj_.« &, . Assume thab, 6’
is a pair of formulas orderingax)k<,. By the perturbation lemma, we must have
E =4 6(8,a) andE =4 neg?d’(a, a)), which is, of course, impossible.)

(3) By (2), no formula can define an order in a finite-dimensional space.

(4) Suppose that the pdi(x, y), 6'(X, y) orders the sequencéx)k.,. Thend, 8’ strictly
orders(ak)k<ew, i.€.,

EF40 &), if k <I;
E Eanege’ (@ &), ifk>l.

Suppose, conversely, that there exists a paiy’ that strictly orders the sequence
(ak)k<w as above. Let be as in (2), and take < §. Then the pair of formulas

O, ¥): X, V) VIX=V| <k,
O P: X PVIX-Y| <8
orders(ayk)k<ew-

Thus, a sequence is ordered by a pair of formulas if and only if it is strictly ordered
by another pair of formulas.

8.3. Definition. Let E € Aandq(X) € S(A). We say thay is finitely realized inE if for
every positive bounded formulax, &) € q and everyyr > ¢ there exist®l € E such that
EEFAv(@ ).

8.4. Lemma. Assume that no formula defines an ordeEnThen, ifp(X) € S(E), every
heir of p is finitely realized inE.

Proof. Suppose that there exigt > E and an heirg(x) of p(X) over A which is not
finitely realized inE. Then there exist positive bounded formula@, X) € q(X) and
¥ > @ such that

* foranyd € E, FEav (@, ).
Let b be a realization of|(X). Then
(**) A ¢, b).

Fix rational numberdN > M > &, ||b|. Fix also formulagy < o <1 <--- < ¢’ <
¥. We construct, by induction dk sequence&y)k~. and(bk)k<« in E such that
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(1) Nal. bkl < N;

(2) Fa ¢x(&, by, forallk;

() Ea gx(@, b)), ifk <1;

(4) .4 negy (&, b)), ifk > 1.

But then we will be done, because then, by (3) and (4), the pair of formulas
OX AV, XA QXY OXAYXEY: YK, Y)

orders the sequencax ~ bx)k<,- (Condition (2) is used only to carry out the induction.)
Assume that (1)—(4) hold for a positive intederin order to prove the corresponding
statements fok + 1.
By (%) there exists a positive bounded formpla- v such that

=4 /\negp (@, b)).

i<k
By (2) of the induction hypothesis ariéx),

Eallal <M A bl <M Ae@b) A A gi@,b) A /\ negp@ bi).

i<k i<k
Now takeyr < ¥’ < A. Sinceq = tp(b/A) is an heir ofp = tp(b/E), there exist&’ € E
such that

=4 neg|d] < N A Bl <M Ago@,b) A\ giE,b) A /\ negy'@, b)),

i<k i<n
and sinceE is a model, there exist¥ € E such that

Eall@l < NAIDY < NAga@, D) A\ eira@,0) A A\ negy’'@, b)).

i<k i<k

Thus, (1)—(4) are satisfied witix,1 = & andby, 1 = b'. 4

8.5. Lemma. The cardinality of set of types that are finitely realized in a moek
bounded bp?*" .

Proof. If 6(xq, ..., Xn, &) is a positive bounded formula arklis a model, we denote by
0(E, a) the subset oE" defined byd (X, a), i.e.,

0(E,&) ={(b1,...,bn) € E | =4 6(by,...,bn, )}
For eacm-typeq(X) that is finitely realized irE, let

E@) ={¢'(E.a) | ¢(X,8) € q(X) andgp < ¢}.

Then (1)E(q) € P(EM), (2) 4 ¢ E(q), and (3)E(q) is closed under intersections. We
prove the lemma by showing thatdf(X) andr (X) are distinctn-types that are finitely
realized inE, thenE(q) # E(r).

Suppose thaq(X) andr (X) are distinct. Then there exigi(x, a) andy > ¢ such that
(X, a) € gand negy (X, a)) € r. Take formulag < ¢’ < ¢” < ¢. Theny/(E, a) € E(q)
and negy”(E, 8)) € E(r). But then,E(r) # E(q): otherwise, by (3), we would have
¥ = ¢'(E,a) Nneqgy”’(E, d) € E(q), which is in contradiction with (2). —
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8.6. Definition. Let ¢(X, ¥), ¥ (X, ¥) be positive bounded formulas and gt > ¢. Let
M > 0. We defineR[v, ¢, ', M] to be the largest positive integét with the following
property: there exist a mod& and sequence@is)scon (Bt)ieo<n in By such that:

E = ¢ (as. by, forse 2N t e 2<N;
E = neg¢/(@s, bsj)),  if si) =1

If such a largesN does not exist, we writ®[ v, ¢, ¢’, M] = oco.

8.7. Theorem. The following conditions are equivalent:

(1) T is stable.

(2) For anyy (X, V), anyp(X, ¥) and¢’ > ¢, Ry, ¢, ¢’, M] is finite.
(3) No formula can define an order in a modelTof

(4) If p € S(E), every heir ofp is finitely realized inE.

Proof. (1) = (2): Suppose thaR[vy, ¢, ¢’, M] is infinite. Then, by the compactness
theorem, for any infinite cardinal, the set

Ze= {lIX%l =MA[RI <M}
Uy (Xs, 1) [s€ 2t € 27}
U{o(Xs, Ysji) | s€ 2,1 <k,s(i) =0}
U{neg ¢’ (Xs, Ysii)) | S€2i <k, s(i) =1}

is consistent. Fix an infinite cardinal in order to prove thal is A-unstable. Take
minimal with the property 2 > A. Suppose thatbs)seo« and (a)tc2<« realize ., and
let A=|J{a; |t € 2<¥}. Then cardA) < A and tpcs/A) # tp(cy/A) for s # s in 2¢.
ThusT is not stable with respect to the discrete uniform structure.

(2) = (3): Suppose that the pait, 8’ orders the bounded sequen@®)k., in E.
Let M > O be a bound for this sequence. It is easy to seedhat ., ax witness the fact
that R[|IX|l < M, 8(X, 9). 0'(X, y), M] > k.

3) = (4) is Lemma 8.4.

4 = (1): Let p € S(E). Lemma 8.5 gives a uniform bound for the number of
extensions op (over anyA 2 E) that are finitely realized ifc. Hence, under the assump-
tion (4), the number of heirs gf over any extension dt is uniformly bounded. But then
p is definable by Theorem 6.4. ThuB,is stable by Corollary 7.2. =

Remark. Stability is not preserved under distortion of the norm, even by small amounts.
Fore > 0, define a new norr || on£2 as follows. Forx = (X;)jee in £2, let

[Xlle = IIX]l + € sup [Xzi +X2j—1] || <] <w}
Then, ifex is thek-th unit vector, we have

e +e 1l = | V22 k<]
kTR T V2 e, ks

Thus, £2 with the norm|| | is not stable, by Theorem 8.7. (This example was taken
from [2], where the credit is given to B. Bollak. A similar example is found in [13].)
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9. STABILITY AND ITERATEDLIMITS

Let E be a Banach space structure andNet> 0. Recall from [6] that arm-ary
real-valued relatioron By (E) is a functionR : By (E) — [—o0, co] which is uniformly
continuous orBBN (E).

The concept oflefinable real-valued relatiowas also introduced in [6]:

An m-ary real-valued relatiorR on Bn(E) is definableif for every pair of rational
numbersr < s there exists a pair of positive boundef®(x; ... Xm) < 65°(X1. .. Xm)
such that for ever@ € By (E),

R@) <Tr implies 075,
= 0,°(@) implies  R(a) <s.

Let E be a Banach space structure andRebe a real-valued relation ofin(E). A
bounded sequendbn)n~,, in E is calledR-approximatingif the limit limp_, o0 R(bp, X)
exists for everyi € By (E). If E is a separable structure aRdis a real-valued relation on
Bn (E), then every bounded sequencesig(E) has ariR-approximating subsequence.
9.1. Theorem. The following conditions are equivalent.

(1) T stable.
(2) If E is a separable model af, R(X, y) is a definable real-valued relation dfi (E),
and (bm) and (C,) are approximating sequencesfi (E), then the double limits

lim (lim R (b, &n)). lim (lim R (bm, €n))
m n n m

exist and are equal. )
(3) If Eisamodel ofT, R(X, V) is a definable real-valued relatioBy (E), and (by) and
(Cn) are approximating sequences/ity (E), then

lim (lim R (bm. €n)) = lim (lim R(bm, €n)).
m n n m
where the equality means that if the limits exist, they are equal.

Proof. The equivalence between (2) and (3) is clear. We prove the equivalence between
(1) and (2).

(1) = (2): Suppose that condition (2) fails for a real-valued relafxx, y) on By (E)
approximating sequenceésy) and(&,). Then, either

liminf (lim R (bm, €1)) < limsup(lim R (bm, €)),
m n n m
or
liminf (lim R (bm, €1)) < limsup(lim R (bm, €)).
n m m n
Assume the former case (the latter is, of course, symmetric). By extracting subsequences,
we may assume that both limits
lim (lim R (b, &n)), lim (lim R (bm. €n))
m n n m
exist. Then

*) | = Iirrp(linm R(bm, €n)) < Iinm(lirrrp R(bm, €n)) = L.
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Take rational numbenrs ands such thal < r < s < L. We will use (x*) to find
subsequence®y; ) and(Cy;) of (Cn) such that
R(t_)ni,(':nj) <r, fori < j;
R(bn;, Gn)) > s, fori > j.
SinceR is definable, this will prove thal has an order and is is therefore unstable by
Theorem 8.7. By(x), there existn; andns such that

(i) limnR(Bm, €y) <, form > my;
(i) limyR(bm, Ch) > s, forn > n;.

Suppose thain; < --- < mg andny < --- < ng have been found such that
R(Bm. Cn)) <, forl<i<j<k;
R(brmy . Gnj) > S, forl<j<i<k

Then we can finang1 andng.1 such that
R (B, Cne,y) < T, forl <i <k (by (ii));
R(Bmy,q.Cn) >, forl<j <k (by ().

(2) = (1): Suppose thal is not stable. Then there exist a modebf T, a number
N > 0, and a pair of formulag < 6’ which orders a sequenca,) in By i.e.,

E 4 0(@m, a@n), if m<n;
E =4 negd’(@m. @n)). if m>n.

By the Lowenheim-Skolem Theorem, we can assume Ehastseparable.
Take aseté; |,r € Q) of approximations of such that < 6 if and only ifr < s,
andd, — 6 asr — 0. Define

R@E,b) =inf{r e Q" | ¢ =6(ab) e p).
The real-valued relatio® is obviously definable. However, there exists- 0 such that

R@m,an) <0 ifm<n;
R(@m, an) > r if m>n.

Thus, if the limits of condition (2) exist, they cannot be equal. =

The real-valued functions on Banach spaces which satisfy condition (3) of Theorem 9.1
were studied and characterized by Y. Raynaud in [12] and [11], where these functions are
called “stable”. This terminology was motivated by the class Banach spaces introduced
by J.-L. Krivine and B. Maurey in [9]. In this famous paper, the authors caitadlle
the Banach spaces that satisfy condition (3) of Theorem 9.1 for the real-valued function
R(X,y) = |IX+Y|. Thisis, of course, a definable real-valued relation, so every stable Ba-
nach space is Krivine-Maurey stable. The main result of [9] is that every Krivine-Maurey
stable Banach space contains the spasdor some 1< p < oo, almost isometrically.

The problem of what Banach spaces contain copies of the classical sequence spaces has
been central in functional analysis for several decades. The book [3] contains a fairly recent
account of the body of work that has evolved around this question.
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