TYPES ON STABLE BANACH SPACES

JOSE IOVINO

ABSTRACT. We prove a geometric characterization of Banach space stability. We show
that a Banach spac¥ is stable if and only if the following condition holds. Whenever
X is an ultrapower ofX and B is a ball in X, the intersectiorB N X can be uniformly
approximated by finite unions and intersections of ballXjrfurthermore, the radius of
these balls can be taken arbitrarily close to the radiuB,aind the norm of their centers
arbitrarily close to the norm of the center Bf

The preceding condition can be rephrased without any reference to ultrapowers, in the
language of types, as follows. Wheneves a type ofX, the setfl[o, r] can be uniformly
approximated by finite unions and intersections of ballXirfurthermore, the radius of
these balls can be taken arbitrarily close tand the norm of their centers arbitrarily close
to 7(0).

We also provide a geometric characterization of the real-valued functions which satisfy
the above condition.

1. INTRODUCTION

A separable Banach spa¥ds stableif whenever(ay,) and(by) are bounded sequences
in X andi/, V are ultrafilters orN,

lim lim |jam + byl = lim lim |jam + byll.
U,m ¥V,n V,n U,m

This concept was introduced by J.-L. Krivine and B. Maurey in [5], where the authors
proved that every stable Banach space contains almost isometric cogigsfof some
1 < p < oo. This generalized a result of D. Aldous [1] about subspaces of

The concept ofypeon a Banach space was introduced in [5] as welX I§ a Banach
space and € X, thetype realized bw is the functionry: X — R defined byra(x) =
X +a||. Thespace of types of, denotedZ (X), is the closure ofza | a € X} in RX with
respect to the product topology. Thermof a typer is 7(0).

The role played by types in [5] generalizes that played by random measures in [1]

Since [5], stable Banach spaces and types have been studied intensely. For a self con-
tained exposition, we refer the reader to [2].

Types can be viewed quite naturally in terms of Banach space ultrapowers as follows.
A type onX is a functiont: X — R such that there exists an ultrapowérf X and an
elementa € X with

T(X) = ||x +a|, for everyx € X.
In this case, we will say that realizesr in X.
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Let X be a normed space. If the types realized inX, say, ift = , then for any
r > 0, the set

1) v 40, 1]

istheballx € X | [[x+a|| <r }. Now, if 7 is realized by an elemeate X, whereX is an
ultrapower ofX, the set (1) is the intersection ¥fwith the ball{ x € X | [x+a <r }. It
is then natural to ask whether (1) can be approximated by baXsifso, it is also natural
to ask whether the radius of these balls can be takentodred even whether the norm of
their centers can be taken to b@). In this paper we show that all of these approximation
properties in fact characterize Banach space stability.

Let X be a normed space. #f € 7 (X), let us say that is approximablédf for every
r > 0 and everg > 0, the setr 1[0, r] is within € of a set formed by finite unions and
intersections of balls iX. (See Definition 2.2.) Let us say thaits strongly approximablé
T is approximable and the radii of the balls approximating[0, r] can be taken arbitrarily
close tor, and the norm of their centers arbitrarily close to the norm.dh Theorem 4.1,
we prove that the following conditions are equivalent for a separable BanachXpace

1. Xis stable;
2. Every type onX is approximable;
3. Every type orX is strongly approximable.

By definition, every type oX is a pointwise limit of types realized iX. Thus, if X
is separable7 (X) is separable with respect to the topology of pointwise convergence. It
is a well-known fact that iiX stable, thery (X) is strongly separabld.e., separable with
respect to the topology of uniform convergence on bounded subsets ©he converse
was proved to be false by E. Odell (see [6, 8]). The preceding theorem explains to what
extent stability ofX is equivalent to approximability of types ot by types realized irX.

In Proposition 3.1, we characterize approximable functions in terms of finite repre-
sentability: Letf be a real-valued function od which is uniformly continuous on every
bounded subset of. Then the following conditions are equivalent.

1. f is approximable;
2. Wheneve is finitely represented iiX, there is a unique real-valued functigonY
such thaty, g) is finitely represented iaX, f).

The proofs are based on ideas from model theory. Proposition 2.6 is inspired in the
“Definability of Types” lemma in [7].

We will make heavy use of Banach space ultrapowers. For an introduction, we refer the
reader to [3].

Throughout the papeX denotes a hormed space.Mf > 0, we denote byB(M) the
set of elements oX of norm at mosM.

2. CONSTRUCTIBLE SETS AND APPROXIMABLE TYPES

Let us first recall that a positive boolean combination of the Sgts. ., S, is a set
obtained fromS,, ..., S, by taking finite unions and intersections.

2.1. Definition. Let X be a normed space. éonstructionC in X is a positive boolean
combination of sets of the form

{(xeX||IIx+aleli}, ai...,aneX
WewriteC =C(ag,...,an; l1,...,10). Ifl1, ..., In = |,wewriteC =C(ag, ..., an; |).



TYPES ON STABLE BANACH SPACES 3

If C(az,...,an; I1,..., In) is a construction irX, we denote by
(2) [C@,....an; l1,...,In)]

the subset oK determined byC. We will call a subseK constructibléfit is of the form (2).
If a1, ..., an are in a given subsei of X, we say that the set (2) @onstructible oveA.

Thus, the class of constructible subsetdk the ring generated by the ballsX

2.2. Definition. Let X be a normed space and I&étbe a real-valued function oK. We
say thatf is approximabléf the following condition holds. For every choice bf, ¢ > 0
and every interval there exist a constructidd(ay, ..., a,; J) ands > 0 such that

1L BM)N I c[C@,....an D];

2. B(M)N[C(ay,...,an; J+[=8,8D]1C fI +[—e, €]l
If, regardless of the choice &l ande, the setC can always be chosen constructible over
a given subsef of X, we say thatf is approximable oveA.

We will expressthe fact that the inclusions (1) and (2) hold by saying@@t] . . . , an; J)]
is (¢, 8)-equivalent tof ~1[1] in the ballB(M).

Notice thatif f : X — R is approximable, then it is approximable over any given dense
subset oiX.

2.3. Proposition. Let X be a normed space and létbe a real-valued function oK. The
following conditions are equivalent.
1. f is approximable oveA,;
2. ForeveryM, € > Oand every interval of the forma, co) there exist a construction
C(a,...,an; J)withag,...,ay € Aands > Osuch that{C(ay,...,an; J)] is
(¢, §)-equivalent tof ~1[1] in B(M);
3. ForeveryM, ¢ > Oand every interval of the form(a, co) there exist a construction
C(a,...,an; J)withag,...,ay € Aands > Osuch that{C(ay,...,an; J)] is
(e, 8)-equivalent tof ~1[1] in B(M);
4. ForeveryM, ¢ > Oand everyinterval of the form(—oo, «] there exista construction
C@a,...,an; J) withag,...,ay, € Aands > 0 such that{C(a1, ..., an; J)] is
(¢, 8)-equivalent tof ~1[1]in B(M).

Proof. The equivalencé€?2) < (3) is immediate, the equivalen¢8) < (4) follows by
taking complements, and the implicati®)& (4) = (1) is proved by taking intersections.
|

Now we focus on a particular kind of real-valued functions, namely, types.

2.4. Definition. Let X be a normed space and tet X — R be a type ornX. We will say
thatz is strongly approximablé
- T is approximable;
- The intervalJ of Definition 2.2 can always be taken arbitrarily close tcand the
norm of can be chosem, . . ., a, arbitrarily close to the norm of.

2.5. Proposition.Let X be a normed space and letbe a type onX. The following
conditions are equivalent.
1. 7 is strongly approximable;
2. For everyM, ¢ > 0 and every interval of the forf®, «] there exist a construction
C(@i,...,an; [0, B]) ands > 0 such that
(i) [C(ad,...,an: [0, B])]is (e, §)-equivalent tor ~1[0, o] in B(M);
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(i) |B—al <eand||gl — |zl <efori=1,...,n.
Proof. Immediate from Definition 2.4 an@) < (4) of Proposition 2.3. O

2.6. Proposition. Suppose thaX is a stable Banach space. Then every typXstrongly
approximable.

Proof. Let r be a type onX. TakeM,e¢ > 0 and an interval [0x]. We will define a
constructiornC(dy, ..., dr; [0, 8]) ands > O such that
() B(IM)Nz7H0, ] S[C(dy,....dr; [0, BD];
(1) BA(M)N[C(dy,...,d;[0,8+38D] < 70, a + €].
Takepg andé such that
a<fB<B+S<a+e
Without loss of generality, we can taBesuch that
3 S<min{—a,(a+e€)—(B+3)}.
Take also positive numbers ng, n1, ... such that
d<no<mn<---<n
andp is less than the minimum in (3).
We will now construct, inductively,

- A sequencey, ai, ... in B(z(0) + ¢);

- Fori =-1,0,1,2,...,setsS(i), T(i) of subsets of O, ..., i };

- Elementws?, , € B(M) fors e S(i) andvf, , € B(M) fort € T(i).
Supposethatwe have defirmglas, ..., an, S(—1), ..., S(n—1), T(-1),..., T(n—1),

andu?, vit fori =0,...,nands e S(i),t € T(i). We now define the se(n), T (n) and

S t
the elements?, |, vj ;.
Let

SN ={s<{0,....n} | BIM)Nz Y0, & +nn] N[ )75 1B, 00) # 01 }.

ies

For eachs € S(n), letu;,, ; be an element oK such that
Upys € BIM) N0, @ + o] N[ 74 B, 00).
ies
Similarly, let
T ={tc{0,....n}[BIM) Nt o +e—nnoo)n( 1510, 8+5] #0 }.
iet

and for eacht € T(n) letv],_, be an element oK such that

vhy1 € BIM) N7 HB + € —nn, 00) N[ 75110, B + 4]
iet
We now define 1. Let
F={u,|-1<i<n seSH}U{v,,|-1<i<n teTi}.
SinceF is finite, there exista € F N B(z(0) + ¢) such that
xe FNt Y0, +nn] implies Ja+x| €0, + nnyi]
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and
xeFn fl[oz +€—nn,00)] implies |la+ X|| € [@ + € — npy1, 00).

Letan41 be such an elemeat
2.7. Claim. Supposethat@& i <nandse S(i —1),t € T(i —1). Then,

lan + ufll € [0, & + 7n]
and

lan + v} € [ + € — 7, 00).

Claim 2.7 follows immediately from the preceding definitions.
2.8 Claim. Suppose that@ i(0) <i(1) <--- <i(n)and
n
BIM) Nz Y0, a] N () 75,5 [B, 00)] # 0.
j=0
Then there exidbg, . . ., bn € B(M) such that
laicj) + bkl € [B,00), forO<j<k<n

and
laijy +bkll € [0, + 7], forO<k<j<n.
Proof of Claim 2.8 Inductively, we construdiy, ..., b, such that
lai¢j) + bkl € [B,00), forO<j <k=n
and

laij) + bkl € [0, +ni(h], forO<k=<j<n.
First we note thaS(i (0) — 1) # @; in fact,¥ € S(i (0) — 1) since
B(M) N t7Y0, a + ni)] 2 BIM) N 710, o] # 4.
Takes € S(i (0)) and letbg be uis(o). Then, by Claim 2.7 above, we have
lai(j) + boll € [0, @ +ni(jy], forO<j <n.

Assume that we havy, . .., bk as desired. Let = {i(0), ...,i(k)}. From the defini-
tion of S(i (k)), we must have € S(i (k)). Letbx1 beuy, ;. Then

lai(j) + brtall € [B,00)], for0<j <Kk,
and by Claim 2.7,
lai(j+1) + kel € [0, & +ni(j+p], forO<k=<j<n-1
We have proved Claim 2.8.

2.9. Claim. Suppose that & i(0) <i(1) <--- <i(n)and

n
BIM)Nt a+e,00]n () rajj)[o, B+ 8] #0.
j=0
Then there existy, ..., ¢y € B(M) such that
laij) +ckll €[0,8+38], forO<j<k<n
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and
||aj(j)"r‘ck|| E[Ol-f-E—T],OO)a forO<k < ] =n

Proof of Claim 2.9 The proof is analogous to that of Claim 2.8. We constoyct. ., ¢,
inductively such that

lai(jy +ckll €[0,8+6], forO<j<k<n
and

laicjy + ckll € [ +€ —nigj),00), forO<k=<j=<n

2.10 Claim. There exists a numbeéd € N with the following property. Whenever &
i(0) <---<i(N)<2N,

(i) There does not exist a sequer{b)o<k<n in B(M + 7(0) + ¢) satisfying
@ laicj) + bl € [B,00), forO<j <k=<N,

laij) + bkl € [0, +1n], forO<k=<]j=<N;
(ii) There does exist a sequen@g)o<k<N in B(M + 7(0) + ¢) satisfying
laij) +ckll € [0, p+6], forO<j<k=<N,

®) lai(j) + ckll € [e+€ —n,00), forO<k<j=<N.

Proof of Claim 2.10Suppose that the claim is false. Then, for arbitrarily Ia¥ge N there
willbe 0 <i(0) < --- <i(N) < 2N and, either sequencby)o<k<n in B(M + 7(0) + ¢)
such that (4) holds, or a sequen(cg)o<k<nN in B(M 4+ 7(0) + ¢) such that (5) holds. Now,
for any givenN there are finitely many choices for€9i (0) < --- <i(N) < 2N. Hence,
Konig's lemma provides a subsequeriag))icn Of (an) and, either a sequendax)ken in
B(M + t(0) + ¢€) such that
||ai(|)+bk|| E[ﬂ’ OO), foroil < k,
laig) + bxll € [0, + 7], forO<k<I,
or a sequence&y)ken in B(M + 7(0) + ¢€) such that
laigy +ckll € [0, 8+46], forO<I <k,
laiqy + ckll € [ +€ —n,00), forO<k<I.
Either case contradicts the stability Xf Claim 2.10 is proved.
Fix N as in Claim 2.10. Define
{di,....dr}={aG) | 0<i(0) <---<i(N)<2N, 0<j <N}
and
(6) C(dy,....d; [0, B]) = U () a0 Al
0<i(0)<--<i(N)<2N 0<j=<N
Condition (1) follows directly from Claim 2.9 and the choice df. To prove (I),
suppose thax € B(M) andx ¢ [C]. Fix one of the intersections in (6). The elemeant
is not in this intersection, so there exists an indgp) such thatx ¢ ra(jo)[o, B]. Now
take anN-element subset dfl, . .., 2N} not containingg; j,) and consider the intersection

corresponding to this set in (6). Repeat the argument ta {ind distinct fromi (jo) such
thatx ¢ ra(jl)[o, B]. The argument can be iteratédy times. But then, Claim 2.8 and the

choice ofN imply x ¢ 1[0, «]. o
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Remark. It is well-known that the space of types of a stable Banach spasgasgly
separablei.e., separable with respect to the topology of uniform convergence on bounded
sets. (The converse is not true; see [6, 8].) This is immediate from Proposition 2.6. In
fact, it is easy to see that if every type ¢his approximable, then the density Bf(X)

with respect to the strong topology must equal the density Gfvith respect to the norm
topology).

3. APPROXIMABLE FUNCTIONS

Let X be a normed space and |etbe a real-valued function oX which is uniformly
continuous on every bounded subseXofAn ultrapowerof (X, f) is defined as follows.
If U is an ultrafilter,(X, f) is the ultrapower of X, f) with respect td/ if

. Xisthe ultrapower o with respect td/; A A

- Whenevek € X and(X;)ic| isrepresentative ofin X, we havef (x) = limg;(f (X))iel -
The fact thatf is uniformly continuous on the bounded subsetsXoénsures thaf is
well-defined.

An ultrapower(X, f) of (X, ) has the property that it finitely represented iX, f).
This means that whenevEris a finite dimensional subspaceXfndM, € > 0, there exists
a finite dimensional subspa¢eof X such that(E, f [ E)yand(F, f | E) are(1+ ¢)-
isomorphicin the sense that there existgB+ ¢)-isomorphismg: E — F satisfying
| f(p(x)) — f(x)| < ¢ for everyx € E of norm at mosM.

Let X andY be normed spaces containing a common suBsdf ¢ > 0, we say that
X andY are(1 + ¢)-isomorphic overA if there exists g1 + ¢)-isomorphismp: X — Y
such that such that [ A is the identity. We will say thaY is A-finitely represented itX
if the following condition holds. Giverm > 0 and a finite dimensional subspdeeof Y,
there exists a subspaée of X such that the spac&pankE U A] andsSpanfF U A] are
(1 + €)-isomorphic overA.

We will now characterize approximability of real-valued functions in terms of finite
representability. Let us first notice the following.

Remarks.

1. If X andY contain a common subsétandY is A-finitely represented itX, then
there is an ultrapoweiX, f) of (X, f) and an embedding: Y — X which fixesA
pointwise. A

2. If (X, f) is an ultrapower of X, f) and f is approximable oveA, then so isf;
infact, fO0 < M < M',0 < e <€ <€’,and0< § < § < §” are such
that[ C(ar, ..., an; J) |, is (¢ — ¢, 8")-equivalent tof 1[I + [—e, €]] in the ball
Bx(M"), then[ C(ay, ..., an; J +[-8, 8] |5 is (¢”, 8’ — 8)-equivalent tof ~[I]in
the ballBg (M).

3.1. Proposition.Let X be a normed space and létbe a real-valued function oKX which
is uniformly continuous on every bounded subseXofThen, ifA is a subset ok, the
following conditions are equivalent.

1. f is approximable oveA;
2. WheneveY D AandY is A-finitely represented itX, there is a unique real-valued
functiong onY such that(V, g) is A-finitely represented X, f).

Proof. (1) = (2) follows easily from the preceding remarks. We prg2e= (1).
Suppose thaf is not approximable oveA. TakeM, ¢ > 0 and an interval such that
theredonotexistC(ay, ..., an; J)Jwithas, ...,ay € Aands > Owith[C(ayg, ..., an; J)]
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(e, §)-equivalent tof ~1[1] in the ball B(M). Without loss of generality, we can assume
thatl is bounded.
Let

¢={C(a....anJ) | a&,...,an € AandB(M)N f 1] C[C(ay,...,an; ]}

By our assumption, whenevexay, ..., an; J) € € ands > 0,
B(M) N ([C(al,...,an; J4+[=5,8D]NCE +[—e,e]]);£@.

Also, ¢ is closed under finite intersections. Hence, there exists an uItram&NéAr) of
(X, f) andb € X such that

be BIM)N N [C@,...,an; DINCTI +[—€/2,¢/2]].
C(a1,...,an; J)eC

Now, notice thatifas,...,an € Aandb € [C(ay, ..., an; (—o0, a]) ], foreverys > «
we must have

B(M)N f=H (1) N[Ca, ..., an; (—o0, B ] # 0

(otherwise, [C(ay, ..., an; [B,00))] € € andb € [C(ay, ..., an;[B,00))], which is
impossible). Hence, there exists an ultrapo@wer, f') of (X, f) andb’ € X’ such that

0 f'®)el;

(i) b’ e[C(ay,...,an; (—oo,a])]whenevery,...,an € Aandb e [C(a, ..., an; (—oo, a]) ].
By (ii), there is an isometry betwea&pan|b} U A] andSpan[b’} U A] mappingbtob’ and
fixing A pointwise. Butspanfb} U A andspanfb’} U A] are A-finitely represented ifX
andf (b) ¢ |, so we are in contradiction with (2). O

4. APPROXIMABLE TYPES AND STABILITY

We now prove the main result.

4.1. Theorem.Let X be a separable Banach space. Then the following conditions are
equivalent.

1. Xis stable;
2. Every type oiX is approximable;
3. Every type oiX is strongly approximable.

Proof. (1) = (3) is Proposition 2.6. We prov@) = (1).

Suppose thak is not stable. Then there exist bounded sequetggsand (b,) in X
and real numbersg, g such that
(7) supllam + bnll <o < B < inf flam + bl

m<n n<m

Without loss of generality, we can assume tt&t) is type determining.e., there exists a
typer € 7(X) such thatr (x) = limm_ [[am + x|| for everyx € X. .

By (7) there exists an ultrapow&rof X, an elemena € X, and type1, p2 on X such
that

- (X, p1) and(X, py) are finitely represented ifX, 7);
- p1(a) < a andpz(a) < B.
But thent cannot be approximable, by Proposition 3.1. O
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Remark. The concepts considered here are particularizations of concepts from the logical
analysis of stability in [4]. Indeed, the notions of type, constructible subset, and approx-
imable function correspond (respectively) to the “quantifier-free” versions of the notions of

type definable subseanddefinable real-valued relatiooonsidered in [4].

REFERENCES

[1] D. Aldous. Subspaces df1 via random measure$rans. Amer. Math. S0c267:445-463, 1981.

[2] S. Guerre-DelabriereClassical Sequences in Banach Spadéarcel Dekker, New York, 1992.

[3] S. Heinrich. Ultraproducts in Banach space thednReine Angew. Math313(3):72—104, 1980.

[4] J. lovino. Stable Theories in Functional AnalysBhD thesis, University of lllinois at Urbana-Champaign,
1994.

[5] J.-L. Krivine and B. Maurey. Espaces de Banach stalieael J. Math, 39:273—-295, 1981.

[6] E. Odell. Onthetypesin Tsirelson’s spacelLbnghorn Notes, Texas Functional Analysis Semih882—1983.

[7] A. Pillay. Geometric Stability TheonClarendon Press, Oxford, 1996.

[8] Y. Raynaud. Stabilité et séparabilité de I'espace des types d'un espace de Banach: Quelques exemples. In
Seminarie de Geometrie des Espaces de Banach, Paris VII, Toh888.

DEPARTMENT OFMATHEMATICAL SCIENCES CARNEGIEMELLON UNIVERSITY, PITTSBURGH, PA 15213
E-mail addressiovino@cmu.edu



